
(

• 
Extremely Exciting Extrema! 

1.	 Examine each of the following functions of two independent variables for relative 
extrema and saddle points: 

(a) f(x,y) =2x2 +2xy+ y2 + 2x - 3 

(h) f(x,y) =- 5x 2 + 4xy - y2 + 16x + 10 

(c)f(x,y) =2x2 + 3y2 - 4x - l2y + 13 

2(d) h(x,y) =x - y2 - 2x- 4y- 4 

2(e) h(x,y) = x - 3xy _ y2 

3(f) g(x,y) = x - 3xy + y3 

2.	 Find three positive numbers x, y and z such that their sum is 30 and their product 
is a maximum. 

• 
3. The sum ofthe length and the girth (perimeter ofa rectangular cross section) of 

packages carried by a delivery service is 108 inches. Find the dimensions ofthe 
rect~gular package of largest volume that may be sent. 

4. 

Xl y2 Z2 4 
The volume of the ellipsoid 41 2 + h2 +;r- = 1 is '31fGhc / 3 

For fixed sum a+b+C, show that the eUipsoid of maximum volume is a sphere. 

5.	 Show that the rectangular box ofgiven volume and minimum surface area is a 
cube. 

6.	 Use the methodology discussed in lecture for optimizingjunctions oftwo 
variables in order to find the shortest distance :from the point (-1,3,2) to the plane 
x-2y+z =4. [Note: In our studies ofvectofs, we were able to do the same 
problem using vector projections]. 

•	 191 

Page 137



_ .Solr.J\o~ 1w fX+rt:~~ fl'CJi{j £,M,--I!-"'-"'- ! 
.~ (ttl	 -Hx\~ ~ ?.;c"-- -+ 1)"') ~ ,)'L +2 X- 3 

-t'Y -= "{x +.lj +:L -= 0 ( 

-t-~ = 1.~ +- 2-J =-- 0 ( ~('}'J) -= (--1) I) 

+"y -=I.j) -t~~ -=- J. ) LJ = .t) D = Lj(tJ-).'L l{ '> 0 

.' I +- [-I)!) -== -L{ r i,L1v'\ t'\ • 

(b')	 f (~I)) = - f)'X'L +\{ 'x:j - d1- + J b'X +I{7
 

t x -= - I0 'k +~ 1 +-1 0 -= 0
 f
{-~ =- lrx - 2) =- 0 ~ &:/'j) = (?jIb) 

.. -fn= -/0) f'1~ = -).lx'J =l.( ) D = Lj '> V 

:. +- ( Yjl&) =- 7'-( (If,f. M~X 
_______••_. ~~ •••• _~ •• _ ."_ •• •••_. ~ •• __•• •• __ • __ •__ • •• 4 ••_·_ ••••__• -_. ••_- _ •• _. -" --- - -- •••••••- - -_. - .- . ­

(c)	 f( 'X/~) = .2 x'L +1}'L- '{?c -11 :1 +/3 

tj( =- l{ X -'1 -=-0 ( -=) (Ja, J) =- 02) 
~ ~ G0-1'L=-D(
1 J .

+\)1= 4) +1) =h/ -(;l-) ~o ) 0 = )..1.( ) V 

,1 ,+-( I) 2) ::: -I r 't r. ftt ,'y\ • 

( ()ve ,.. -.,) 
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(d) rJ"lj) =- }:'l-_~'L._;).'X_ Lf~-' ~
 

~'X -=- 1.X -.:t 'CO- 0 \ ~( ;n1) == (/ -:2.) .. 
~ 'j;:: -J.j - ~:::Co J I .J );J 

' 

~'f= 2., h~ ~ - -J.} J..");~"'-- 0 I b = -lJ <- 0 

:. h h~f.}- So-dd l<- 'P O;Y\+ Ot +- ~-2)()o... . 

•(() 5+_~ljl=X_:_J~~+~~....... .... .. 
09x 3)('l..--3:J _ f < >x1..-_J =0 j

1, -- -3)< +'cl1- -0 -)' +j'L =-D 

') ~ x"- } 5 l/ - -X -\- (k'LJ"L =- 0 ) .{'1_ X ::::. 0 

y ( :y~-I) -=- V) ')C -=- 0) I. H>v- x==-O I :t = 1('L =- 0 'L. -=- V 

Fov ')(:= f) ~ ~ IL -=- l. s 0 (OJ 0) CJt ~I.- ( I) I) a r<L +k~ 

C.. ,.Le_n tn1\~ '. c.,/ f/"JO\' ~ =- (p y, == 1'/ '::.. t1 -::: / u-==- 0, 'I' (lh... , r \'0-. J .J.-U.Y... -'~<T·1-J·_··-TXX···· r .. - .b!,.,Jl- ..0.), )4 j 1d.J ) 

5X) - 3) D --=4 -<'0 ".4oJ~ ./S.", S",d& fdl;,t - J\) } 4XJ:- h) _FiJ...... G .. 
~t,~" b} J... ==... -.3. } b = 7.. 7 '/ 0 ;, 4(~/} -=- -I r.el. tt'i)1 ..... 
v~~ ~) 194 J . ~ 
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v
 1 +1I1+ t- ==- 3JD ~ "2 = 3D -7c- L;
 
) ""/ L / C\S 

f =- ~la = 'X'J( '30- Je-'J) = )O~:r'XJ-X1'L.-•. 
?x~ 3D1rH'J -{ =: ~(30- H -1) = 0 ( 

r~ = )OY.-y1-_ .. 't-j = x{3v- x - 2~) ~ D J 

d-",,~ ..'Lt-':P~.".L ~4:D .__G,:;. <.c- j ilJ" "'- Infn i<> ')I"> 0, '1 ";> 0 , } ':> 0) 

~ =: 30 -J-X 

3 0 - X - ;;t ( 3 v -l-X) -=- 0 ) f -::::. (0) ~ ::::. 3u-.2.( IVJ 
P'Y)<. = -:J..J ""- -:LUO) = - 2 ° =-10 

P~) ::=. _ 1.)( -= -2.( IC) -= - 2 0
 

P'i.;==- 30-~X-1.J= jO-Jo-20 -=--/0
 

o -:::... l.( ~ - (-fO)'L -=- 3 HJ '/ 0
 

,', p....1P.A-..A y~J. ~lA..~ ~(IP)I~. )\~C~ . P 1:S .~ ~~\W 

Or> ""-h0'l""" -"-'*" (11 OhDU~J.M:J - ,~, '"f ';>0\ ~ -, 0) ) +1..;, r~L 

_~fA1 tA 6~- ,.t~-e... .._.~~r&flt.\.k /ffi.~y,., ,.,.. . ..... 

L~'\'\S+h + :r~ =- 109' 

~ + ~ ~ +12: ==-1 () ~ .'/' 

/
,/ .' 

" 
,­

,,- //'f-"] 

L 

"'V-x -=: -tJto"j-~'L-l{1J]-=- 0 X 

~ ~ ( J () )/ - t; - 'I 1l9) =: 0 (5~Ylce J '> 0 ) 

rOve" » 
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') = ~[ I rJ'i )(- h) - n"J --::: (/ 
~ y( I oY--J -) X;) = 0 (/lut Y 70) • 

Su l[ I: +j = (0 7) 
Q. X +1;) -=- (v y -) (';1:J J) ~O ~ '3 17) 

v-x = -J-j=-L(3b}=-n) v,j:::'-Y=-Ifx 

~';J:::::- -iLl 0' ~ - 7...1 - ttyJ = {Cl .'V--7L- TlJ -=- -, f 

D==- ilL/D 

So V hAS A-Y-&1. lMP\-j. A+( IB)3&) , ~\~U- V I~ __ ~" .. L;Y\i\~'("J 

an.-"",--,,~A (~tJ--1.",.".Jpr7) +" (.I ~ "'~ tI'l AIKk. • 
,V1lJ\Y. . 
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I 

GJ AH+C' -= L;,,,,'S"\",,J = k. ') c....., 0, b'> OJ C> 0 q~
 
V =~1lq hc.. --==- ~ 1l ~ ~ (l- Ct - ~) - ~ 11 L~ tl ~ ~ ac

L 

~ ..... l\. ~'l.) 
_. ' , L , 

v~ -== lLE[k-b-l~b-b'Ll~ 0 ~ 

Vb -= 4f [KOt-'l'L-c:llA.~J ~ 0 , 

S"~e..a- 4;' 0 ~"f\t 6;;. D ) 

b0- -.l..PI-bj -= 0 f ,1bt +1 "'" k ( 

0\. (1<- - ",1 -0) -=- 0 t:\.. +11 -==- I:- I 

-=- ~!'3J ~ -=- 'r---.1-( 'f.- /')) -:::-- Ic- ~}. --=:.- 1<-!3>b ) 3) 

C -==- 'f:- - a..- h::=. Jt-- ~-r ~ ~3 

_ V ~ ~Il(-l-b\ ~ - U(iS) =- -~ 
tAt,. ~ \: ') ~"3. \ 

VI ) -= - ~ l\C'\.. -::.... - ~y I L1.\ -= -t:;/Ln 
btl 3 -- ~ 1) ~ 

Vb =- l£!r[ ~_ - 2 (\- J.11 -=- ljjI:[ 1- _ JJ.. u.] -=- -It.!l
~"1 '--J ~ 7- 1-""3 I 

D::.- (, 0"-;(2. - ~ ::: V9-r--/<-'L­
Y( f( fl--!)O 

£:.Q--,--teJ, M"'~ +, v-V 0-oJSD+k. o.k. "'" Oo.ry q "- J re CIA r/l- lVk 
t'1. -::: b-:: C -=- lL/3 : . t[/ rpso\ol Le fA. )~ko <-t' ... 
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So "'buaJ-i~A--)wIW:L4,1.._-J.~+lil} _0 b-ee"",,-O.Q
 

o =__=J-~ -+J--l( "}\~_p'!\-~hbsh~t;~- -J~ y-, .. 
j'~J V ]=_~r VR:- Tht" j-= }C -::: ~ C. ",CZ

o 
V II~ -=- ~ r =. Vo - Vo -=.. Vo o' .. D' 

X1 (\JV;Y-
O 
'tf~V 

1Jka.t(-~''1r))-= ~II~ ) ~1131 ~_~ J we-_ I,..~_ 

S .... ~. __j Vo -=: 4 Yb. -= ~ Y1;' -:= '1
 
X)£ 'x r:, ( '<, I~Y~ )( ­

D

5~) =- ~ ~D -=- ~ () __ u= ~_uu __
 
~o ( ~ '/~)3
 

1....

S>-j -=-- L}SO D= 4(4) -~ =-/2.. )0 

SeS(xl~t~ ~~ ~'h) ~ 1/" l{-~j) _14.. il., re L \'k i (\ II1IUy,'t fv S~\ 'J) . 

- S;;,u ~A- +k+ "'"-J y:,t \. w.i... . voJ>I.e. -fuv S~ I ~) d 11y- +~.L---

04"'-.... "r-l ,p~ )<"':? 0) ~"> 0 ) 1+.6- ak.9-- -th e- oJsoluk j;) I {\ vJMe-. 
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1~([) 
L~+- (:1 j \:t.) be 1'."'6 t;,~+ f. tk- ~IA "e Y- j +- r- "" L( .

" ~. ~hv'.e~ ~ &l~I~J +~ (-1\ ~l 1).-'''''5 D=-j~-t-I)'\~-J)~(~-2r-.• 
== 'Ii ~-\J) 1--r (~-3)L-t-( 4-~+1~)LJ 

r..Lcwish:k_}nJm"'J~c?- Dove.,-- tk h-h~ ~Yfl k,,",,- _"flu.. 

-~ 1,{PW\ f.4-. ~e.. c-p"J-t\-ho... ~1 , S'I~P J., r I, d hcJ,j fht><--t-- +~ is 

J." I _ "..' I wh. . 1-.. <,' IJ
a+~~.¥l.~ ./.s h'l11'\'~·'D·eo(., ~~-r 14)- Olt\li\.re... IS ~l"'IMtt.A:... 

[+h"lS.o1~vah~v\' -e~~\Y\t'\+ea.. +-"'~ V\.{7eJ k dettl wi+l J:.ff~~pj;~ 

A--~'--'tl<--<L rr-ot ~",d"--..-n J , 
f'( _ L L1..... 1...- (.

W+- t ~lj) O(-r,~) - ~-H) +-~-3) +- \'1.- X-t2)) 

-t-X= 1( "'+1) -;l..( ~-y h~) =- \.\1- 4}- ~
 

+J=- ~(~r 3) + 4 (1..-')< +---j) = -L{ 'X +- 10 ~ +L..
 

So \v;"'-t1 -r-h.e ~~S'+e W\ l( V -YJ- L _ 0 j ~ ,"£l h 
J _~)! +IU~ -+L--..O 

(")(\ J) == (/,1-) OJ . Nt4-e- t-H -:::' 4) ~1J-:: 10) L7- -L{) 

)" 0 t- 4D .~ I. ~_ .... J. ~ '> 0 ) s.o (>.. r-~ L }'V'Il'y\. voAt.e -Pv v 

-=f~1l-11ll'."J NoV\( e toy !) (1<\ ~) ) ,;e c",r/L-- f (L~ =-- Uj'L .t\ ~ 

(OW r)
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50_A re l. h1 i" ~/al(,c-e .{vv 1) tA. ) -w/L :=. S~, 5'';'we 

+h.1,~+k ~ ...~ Y':d, m ;/\ valIA. e.. t'V"y "" ~f'"" fiL+- (X >. 0, ~ 

itAo!<}Pt-l-L tAb S' alIAk . !tI,,,, ",W""- Y J~.e f.w D. ~o I/L 

sl.v.\.A.U._._~ v..ecA-o'V W\.-e.-t-ho tL~ ~S'C.y.S~ol 1"1\., I.l'Ju (~ 

4-P: ek- ~-R- fP' ~L t"t> \,L""'- +"'t>-~ WtJ1 0- fNJ- IN..( IL 

• 
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