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4.2  Area 
 
One application of the antiderivative is finding areas under curves.  In order to do this we will breaking up the 
area into small strips and then adding them all together.  This will involve summations, or a series of sums that 
involve the sigma notation: 
 
Sigma Notation 
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To do this we will start i at 1.  We will put 1 into our equation.  Then we will make i = 2 and put this in the 
equation, and so on until we reach i = 4.  We will take all the answers we got and add them together: 
 
When i = 1, our expression is 3(1) – 2 = 1. 
When i = 2, our expression is 3(2) – 2 = 4. 
When i = 3, our expression is 3(3) – 2 = 7. 
When i = 4, our expression is 3(4) – 2 =10. 
 

To get the answer we will add:  1 + 4 + 7 + 10 = 22.  So, . 2223
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EXAMPLE:  Evaluate:  ∑
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We can first simplify this to:   ∑
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To do this we will start k at 0.  We will put 0 into our equation.  Then we will make k = 1 and put this in the 
equation, and so on until we reach k = 3.  We will take all the answer we got and add them together: 
 
When k = 0 our expression is . 101 2 =+
When k = 1, our expression is . 211 2 =+
When k = 2, our expression is . 521 2 =+
When k = 3, our expression is . 1031 2 =+
 

To get the answer we will add:  1 + 2 + 5 + 10 = 28.  So, 1813
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EXAMPLE:  Use sigma notation to write the sum:  
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We need to come up with the formula that describes this sum.  First we notice that there will always be a 5 in  



Section 4.2 Notes  Page 2 
the numerator of the fraction.   Also there is part of this fraction that starts at 1 and goes to 15.  Therefore we 
know that i must start at 1 and go to 15.  Also in the numerator there is a 1 that does not change.  So we are 

ready to write our formula:  ∑
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EXAMPLE:  Use sigma notation to write the sum:  
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For this one we are starting with1 and then adding a fraction squared.  The denominator is always 4 and the top 

starts with 1 and goes to 4.  The formula is:  
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Summation Properties 
 

1.)   Any constants we can write in front of the summation symbol. ∑∑
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2.)  We can split up the summation into two separate ones. ∑∑∑
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Theorem 4.2  Summation Formulas 
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EXAMPLE:  Evaluate:   using properties of summation and Theorem 4.2. ∑
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We are not going to do this the same way as the ones we did at the beginning of this section.  That would take 
much too long since we have to do 15 different calculations and then add them together.  Instead we are going  
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to use the summation properties to break this up:  .  Now we will use Theorem 4.2.  In the first term 

we will replace  with 
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will replace the second term  ∑  with 3(15) using formula #1.  So our problem now becomes:  
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EXAMPLE:  Evaluate:   using properties of summation and Theorem 4.2. ∑
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We will use the summation properties to break this up:  .  Now we will use Theorem 4.2.  In the 

first term we will replace  with 
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We can simplify this to:  .56656050385
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Upper and Lower Sums 
 
The diagrams below explain what is the difference between inscribed and circumscribed.  It also shows the 
difference between the upper and lower sum.  In the drawing S(n) represents the sum of the individual areas. 
 
 
 
 
 
 
 
 
 
 
 
        Lower Sum                                                             Upper Sum 
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EXAMPLE:  Estimate the area under the curve on [1, 5] by using upper and lower sums.  Use rectangles of 
width 1. 
 
 
 
 
 
 
 
 
 
 
 
First we need to draw the lower sum.  Then we will find the area of each rectangle: 
 
    From the drawing we have 4 rectangles.  Each one has a width of 1 unit.  For the 
    first two rectangles, the height is 4.  The third rectangle has a height of 2.  The last 
    triangle has a height of 0.  The area of a rectangle is A = L*W.  We will find the  
    area of each rectangle individually and then add them all together: 
 
    A = 4(1) + 4(1) + 2(1) + 0(1) = 10 
 
    The above shows the areas of each being calculated.  The total area is 10 units. 
 
 
 
Now we will draw the upper sum.  Then we will find the area of each rectangle. 
 
    From the drawing we have 4 rectangles.  Each one has a width of 1 unit.  For the 
    first two rectangles, the height is 5.  The third rectangle has a height of 4.  The last 
    triangle has a height of 2.  The area of a rectangle is A = L*W.  We will find the  
    area of each rectangle individually and then add them all together: 
 
    A = 5(1) + 5(1) + 4(1) + 2(1) = 16 
 
    The exact area under the curve will be between 10 and 16 since we have found the 
    upper and lower sum. 
 
 
EXAMPLE:  Estimate the area under the curve on [0, 5] by using upper and lower sums.  Use rectangles of 
width 1. 
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First we need to draw the lower sum.  Then we will find the area of each rectangle: 
 
    From the drawing we have 5 rectangles.  Each one has a width of 1 unit.  Looking 
    at the graph the first rectangle has a height of 2, The second triangle has a height  
    of 1.  The next heights are approximately 2/3, 1/2, and 1/3.   
 
    A = 2(1) + 1(1) + (1/2)(1) + (2/3)(1) + (1/3)(1) 
 
    The above shows the areas of each being calculated.  The total area is 9/2 units. 
 
 
 
Now we will draw the upper sum.  Then we will find the area of each rectangle. 
 
    From the drawing we have 5 rectangles.  Each one has a width of 1 unit. Looking 
    at the graph the first rectangle has a height of 5, The second triangle has a height  
    of 2.  The next heights are approximately 1 then 2/3 then about 1/2.   
 
    A = 5(1) + 2(1) + 1(1) + (2/3)(1) + (1/2)(1) 
     
    The above shows the areas of each being calculated.  The total area is 55/6. 
 
    The exact area under the curve will be between 4.5 and 55/6 since we have found  
    the upper and lower sum. 
 
EXAMPLE:  Use upper and lower sums to approximate the area under the curve 2+= xy  and above the x-
axis on the interval [0, 2].  Use 8 subintervals as shown below: 
 
 
    If we take 2 and divide it by 8 then the width of each rectangle is 0.25.  Now we  
    can label each  x coordinate .  We start with 0 and keep adding 0.25 until we reach 
    2.  Each coordinate is:  0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75.  Now let’s make a table 
    of values:   
  

x 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2.0 
y 2 2.5 2.71 2.87 3 3.12 3.22 3.32 3.41 

 
 
 
 
 
We will start with the lower sum.  The first rectangle will have a height of 2 according to the picture.  The 
second height is 2.5 when x = 0.25.  Each sequential height is read off of the table above.  Now we can calculate 
the area.  Notice we do not have a height of 2 since we are doing lower sums. 
 
A = 2(0.25) + 2.5(0.25) + 2.71(0.25) + 2.87(0.25)+ 3(0.25) + 3.12(0.25)+ 3.22(0.25) + 3.32(0.25)  = 5.67. 
 
Now we will do the upper sum.  Now the first rectangle has a height of 2.5.   
 
A = 2.5(0.25) + 2.71(0.25) + 2.87(0.25)+ 3(0.25) + 3.12(0.25)+ 3.22(0.25) + 3.32(0.25) + 3.41(0.25) = 6.04. 
 
The exact area should be between 5.67 and 6.04. 
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EXAMPLE:  Use upper and lower sums to approximate the area under the curve 21 xy −=  and above the x-
axis on the interval [0, 1].  Use 5 subintervals as shown below: 
 
 
    If we take 1 and divide it by 5 then the width of each rectangle is 0.2.  Now we  
    can label each  x coordinate .  We start with 0 and keep adding 0.2 until we reach 
    1.  Each coordinate is:  0.2, 0.4, 0.6, 0.8, 1.  Now let’s make a table of values: 
 

x 0 0.2 0.4 0.6 0.8 1
y 1 0.98 0.92 0.8 0.6 0

 
 
 
 
 
We will start with the lower sum.  The first rectangle will have a height of 0.98 according to the picture.  The 
second height is 0.92 when x = 0.4. Each sequential height is read off of the table above.  Now we can calculate 
the area.  
 
A = 0.98(0.2) + 0.92(0.2) + 0.8(0.2) + 0.6(0.2) + 0(0.2) = 0.66 
 
Now we will do the upper sum.  Now the first rectangle has a height of 1.   
 
A = 1(0.2) + 0.98(0.2) + 0.92(0.2) + 0.8(0.2) + 0.6(0.2) = 0.86 
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EXAMPLE:  Find the limit:  ⎟
⎠
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We have a limit of a summation here.  First let’s multiply the two fraction together to get:  ∑
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Using the Limit Process to Find the Area Under a Curve 
 
In order to find the area under a curve, we are going to find the area of several rectangles and then add them all 
together to get the total area.  Let’s first look at one of those rectangles and define some variables: 
 
 
     The width of the rectangle is found by taking subtracting a from b and 
     then dividing by the total number of subintervals.  If the number of  

     subintervals is n, then the width of each box is 
n

abx −
=Δ .  The height of 

     each rectangle is found by using the function f.  The height of the  
     rectangle at some x value, , will be .  So the area of this rectangle ic )( icf
     will be xcfA i Δ⋅= )( .  To get an exact area we need to add an infinite 
     number of these rectangles together between a and b.  If we let the number 
     of subintervals be n, then we want n to go to infinity.  Then we get our  
     formula for area. 
 

The area under a curve and above the x-axis is:    where xcf
n

i
in

Δ⋅∑
=

∞→ 1
)(lim

n
abx −

=Δ  and xiaci Δ+= . 

 
The formula for  is found by starting with a and adding the ic xΔ  i times. 
 
 
 
EXAMPLE:  Use the limit process to find the area between the curve  and the x-axis on [0, 3]. 21 xy +=
 

Our interval tells us that a is 0 and b is 3.  Then we know the xΔ  by using the formula:  
n

x 03−
=Δ , so 

n
x 3
=Δ .  

To find the  we will use its formula:  ic i
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⎠
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= .  Now we will substitute into the formula 
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xcf in
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⎠
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⎠
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EXAMPLE:  Use the limit process to find the area between the curve  and the x-axis on [–1 , 1]. 21 xy −=
 

Our interval tells us that a is –1 and b is 1.  Then we know the xΔ  by using the formula:  
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