Section 6.3 Notes Page 1
6.3 Trigonometric Identities

This section will help you practice your trigonometric identities. We are going to establish an identity. What
this means is to work out the problem and show that both sides of the identity are the same. First let’s look at a
list of identities we’ve already talked about plus a few more.

List of Identities

tanezsme cotH:C939 csc6’=_L sec6?:L cot6?:L

cosd sin@ sin@ cosd tan @
sin®@+cos?0=1 sin@ =1-cos’ 0 cos’ @ =1-sin’0
sec’f=1+tan’ @ tan?@ =sec? -1 csc?@=1+cot?o cot’d =csc? -1

EXAMPLE: Establish the identity: cscé-tané =secé.

You want to show that one side of the equation equals the other side. In these problems you are NOT allowed
to do operations like adding or subtracting things from one side to the other. Think of each side as independent.
We are not going to do anything with the right hand side. On the left side we will put in the identities for the
cosecant and tangent functions. One technique is to change everything into sines and cosines:

_L . sino =secd We can now cancel the sines from the left side of the equation.
sin@ cosd
L@ =secd We can change the fraction on the left side into secant.
coS
secd =secd Both sides are the same, so we are done.
ind g 4
EXAMPLE: Establish the identity: sin_ 9 -cos 6 =—(cos@ +sin0).

cosd —sin@

One of the first techniques you should try is factoring. We can factor the top because of difference of squares.

(sin? 6+ cos? 0)sin? 6 — cos? 0)

0 snd = —(cos@ +sin ) We know sin? @ +cos* 4 =1
cos@ —sin
in2 n_ 2
(sm 0 C(,)S 0) =—(cos @ +sin 0) We can factor the top again by difference of squares.
6 %
cosé —sin
— = —(cos @ +sin e want to factor a negative out of the first term.
(sin@—cos&)sin & + cos ) (080 +5in &) W ¢ f the £

cos@d —sin @
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—(=sin @ +cos@)(sin @ +cosd)

- = —(cos @ +sin b) Now switch the order in the first term on top.
cosd —sin @
— (0sf —sin 9)(S_m 0+c0s6) _ —(cos @ +sin 6) Now we can cancel the cos@ —siné terms.
cosd—siné
—(sin @+ cos @) = —(cos @ +sin ) Both sides are equal so the proof is done.

EXAMPLE: Establish the identity: CZOS X __ij XCOSX_ _ cotx.
COS“ X—sin“ x+sinx—-1

cos X(1—2sin x)

5 — - = cot X First we can factor the numerator. Now we want to get all sines on
COS” X—SIn“ X+sinx—-1

the bottom. We can use the identity cos® x =1-sin? x.

cos X(1—2sin x)

— — - = cot X Now simplify the denominator.
(—sin“ x)—sin“ x+sinx—-1
c0s )f(lz_ 25”_‘ X) =cot X Factor the denominator.
—2sIn° X +sin X
cos X(1—2sin x) . .
5 - = cot X The part in parenthesis on top and bottom can be cancelled.
sin x(-2sin x +1)
Cf)i = cot X We will use the identity cotx = C?ﬂ
sin x sin x
cot x = cot X Both sides are equal so we are done.
. N 1-2cos?
EXAMPLE: Establish the identity: cot& + —9 =tand.
sing@cosé

Another technique for these kind of problems is to get common denominators if there are two separate fractions.

At the same time | will also use the identity: coté = % .
sin
_ 2
C?Se .(cosej + 1 - 208" 0 =tand Now write as a single fraction.
sin@ \cos@) sin@cosd
2 2
1-2 L
cos 6?+ cos” 0 =tand Now simplify the numerator.
sin@cosé
1-cos’ : o
1-cos 0 _ tan @ We will now use the identity sin® @ =1—cos® 4.

sin@cosé
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HJ
sin® @ .
———=tanéd We can cancel a sine from the top and bottom.
sindcosé
sino =tané@ We will use the identity tan @ = sino .
cosé cosd
tand =tanéd Both sides are equal so we are done.

COS X +1+sin X
1+sinx COS X

EXAMPLE: Establish the identity: =2Secx.

Once again we want to first get a single fraction so we need common denominators.

COS X (cos xj+1+sin X [1+sin X

- - = 2Sec X Now multiply and write as a single fraction.
1+sinXx \ cosx cosx \1+sinx

cos? X + (L+sin x)?

- = 2Secx We will expand the numerator.
cos X(1+sin x)

cos? X +sin? x +2sinx +1

i = 2secX We will use the identity cos® x +sin®x =1
cos X(L+sin x)
1+2sinx+1 N

- =2secX Simplify the numerator.
cos X(1+sin x)
Zsm—x+_2 = 2Sec X Factor the numerator.
cos X(1+sin x)

2(sinx+1 )
(—_) = 2Sec X We can cancel the sin x+1 from the top and bottom.
cos X(1+sin x)

2 . . . 1
—— =258ecx We will use the identity secx = ——.
COS X COS X
2SeCX = 2Secx Both sides are the same, so we are done.

tan X +Cot X
Sec X CSC X

EXAMPLE: Establish the identity: 1.

Another technique is to change everything into sines and cosines. This makes it easier to reduce.



Section 6.3 Notes Page 4

w =1 We need to get common denominators in the numerator.

cosx sinx

sin x _(sin x)+ COS X '(cosxj

cosx s ); ST X LX) _q Multiply and write as one fraction in the numerator.
cosX sinx

sin? X +cos? x

Sin xlcos X =1 Now use the identity sin®@+cos® 6 =1.
Sin X cos X
1
w =1 Flip over the bottom fraction and multiply.
Sin X cos X
- L SInXeosx _ 1 We can cancel terms.
SIn X COS X 1
1=1 Both sides are the same so we are done.

1+sing  cosé

EXAMPLE: Establish the identity: = — .
cosd 1-sin@

We can’t factor and they are both single fractions. We need to use a different technique. We are NOT allowed
to cross multiply because we need to treat both sides separately. We will multiply one side by a conjugate.

I chose the right side, but we can chose either side to work with.

1+sing  cos@ (1l+siné
cos¢  1-sin@ \1+siné

1+sin@ cos@(1+sin6)

— Now use the identity cos® x =1-sin®x.
cosé 1-sin“ @

1+sing cos(L+sin o)

> Now we can cancel the cosine from the top and bottom.
cosé cos” @

1+sind 1+sind

Both sides are equal so we are done.
cosé cosé
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2 2
EXAMPLE: Establish the identity: Sec” x—tan” x+tanx _ Sin X+ COS X .

SecX

We will first start out by using the identity sec® x = tan® x +1.

(tan® x +1) —tan® X + tan x

= SiNn X + COS X Now simplify the numerator.
Sec X
l1+tanx . L . .
———— =sin X+ CoS X Now change everything into sines and cosines.
Sec x
sin x
1+ ——
% = Sin X + COS X We need common denominators on top.
COS X
cosXx ) sinx
PE— + -
(cos xj CosSX . . . .
1 =Sin X + COS X Combine as a single fraction on top.
COS X
COS X +Sin X
Llsx = Sin X + COS X Flip the bottom fraction and multiply.
COS X
COSX+SINX COSX . .
. = SiN X + COS X We can cancel the cosines.
COS X 1
COS X +Sin X = SiN X 4+ COS X Both sides are equal so we are done.
. N cot x tan x
EXAMPLE: Establish the identity: + =1+tanx+cotx.

l1-tanx 1-cotx

Sometimes you need to work out both sides, which we will do. 1 will first change both sides into sines and
cosines.

COS X sin X
i sinxXx cosX ) .
SIN X COSX  _ 1,4 b We need common denominators on both sides.
1 SIn X 1 COS X COSX SInX

COS X sin x
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COS X sin x
sin x N oS X _(sinxcosxj sin x [sin X)Jrcosx (cosx

- - =|—= + = :
COSX ) sinXx sinX) COSX SinXcosx,) c€osx \sinx,) sinx \cosx
COSX ) COSX sin X sin X

j Now combine.

COS X sin x
. N H HJ 2
' Sin XCoS X +sin? X + cos? x . .
SIn X _COSX___ _ _ We need to get rid of the double fractions.
COSX—SINX  SinX—CoSX sin X cos x
COS X sin X
cos’ X sin’ X _sinxcosx+1

We used the identity sin? 8 + cos® 6 =1.

sinXx(cosx—sinx) cosx(sinXx—cosx)  sin XcosX

| want to change the order of sinx—cosx. If | factor out a negative I will get — (—sin x + cos x). This is equal
to —(cos x —sin x) . Now I will put this into our problem, changing the plus sign in the middle to a negative.

cos’ X sin’ X _sinxcosx+1

- - - - =— We need common denominators.
sinx(cosx—sinx) cosx(cosx—sinx)  SiNXCOSX

COS X cos® X sin x sin’ x sinxcosx +1 . .
 — - —| = . - =— Now multiply and combine.
cosXx ) sinx(cosx—sinx) \sinx/ cosx(cosx—sinXx) sin X cos X
cos’x—sin®x  sinxcosx+1

Now we use difference of cubes formula.

sin x cos x(cos x —sin x) sin X cos X

(cosx —sin x)(cos® X +sin xcosx +sin” x) _ sinxcosx+1
sin X cos x(cos x —sin x) sin X cos X

Now we can cancel the cosx —sin X .

cos® X +5sinXCoSX +sin® X _ sinxcosx +1
sin X cos X sin X cos X

Now we use sin? @ +cos? 0 =1.

sinxcosx+1 sinxcosx+1

- - Both sides are equal so we are finally done! Whew!
sin X cos X sin X cos X



