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To the Instructor  

MATH 120 at CSN is a fun course to teach.  As a terminal course, it is typically taken by 
students who need just one Math class to earn their degree.  Since it does not satisfy any 
prerequisites to other courses, we are given a fair amount of flexibility i n what and how we 
teach, and that is reflected in the survey nature of the course.   

You are expected to cover the material found in the first six chapters in this book.  Then, time-
permitting, you are free to cover additional topics at your discretion.  F or those possible extra 
topics, additional chapters will be added in future editions , and supplements may appear 
online ð linked to the CSN Math Departmentõs website.  In all the material, you should stress 
practical applications over the symbolic manipulations , but that does not mean you should 
totally discount the algebra.  Instead, help the students learn where, when, why, and how the 
mathematics will help them in their lives.  

 

To the Student  

A few years ago, a class was presented with the following problem:  

A farmer looks across his field and sees pigs and chickens.  If he counts 42 heads 
and 106 feet, how many pigs are in the field? 

One student, instead of answering the question, sent an e-mail to the instructor stating, òI feel 
this question is unfair and misleading because pigs do not have feet.  They have hooves.ó 

In this class, and in all math classes, we are not trying to trick you.  Although there will 
undoubtedly be some challenging questions in this class, they are there to make you apply and 
extend your thought processes.  Don't waste time and effort looking for technicalities that might 
invalidate a question.  Instead, take the question at face value, and spend your time trying to 
solve it. 

Next, one of the goals in assembling this book was to keep the cost very low.  As a result, we 
have created a consumable-style workbook which you will not be able to resell back to the 
bookstore at the end of the term.  Take advantage of this and write in your book.  After all, it  is 
yours to keep. 

Finally, w e completely understand students taking this course are often Liberal Arts majors 
and/ or need only this one math class in order to graduate.  Not only that, but, in many cases, 
students often wonder why they need to take this class in the first p lace.  All of us ð yes, 
including your instructor ð have sat in a math class at one time or another and thought, òWhen 
are we ever going to use this stuff?ó  Well, this is the class where we tell you. 
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Chapter 1: Critical Thinking  

From the Wizard of Oz  

(Scarecrow) 
I could wile away the hours  
Conferrin' with the flowers  
Consultin' with the rain  
And my head I'd be scratchin'  
While my thoughts were busy hatchin'  
If I only had a brain  
 
I'd unravel any riddle  
For any individ'le  
In trouble or in pain  
 
(Dorothy)  
With the thoughts you'd be thinkin'  
You could be another Lincoln  
If you only had a brain  

 

When Are We Ever Going To Use This Stuff?  

Do you hate word problems?  Why?  Don't just say, òBecause they are hard.ó  A problem 
solving expert once stated, "Quite simply, students cannot solve word problems reliably 
because they are presented with inconsistent models of problem solving that contradict the 
logical processes they have learned in other courses and in everyday life."  Huh?  See why 
students hate word problems!  

The National Council of Teachers of Mathematics (NCTM) takes the following stand:  

"Problem solving - which includes the ways in which problems are represented, 
the meanings of the language of mathematics and the ways in which one 
conjectures and reasons - must be central to schooling so that students can 
explore, create, accommodate to changed conditions, and actively create new 
knowledge over the course of their lives."  

Unfortunately, students are rarely focused on the problem solving process; they just want the 
answers.  Additionally, many  teachers and textbooks blow right past the "thinking" part of the 
problem and place too much importance on the answer.  The most essential part of the whole 
education process - learning how to think critically - is left out of many of the examples 
presented to the student.  The disastrous result is students being left with the perception that 
the problems worked in math class are somehow different from those presented in real life or 
other subject matter courses such as physics, chemistry, and business.  They arenõt. 
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1.1: On the Shoulders of Giants (Bibliographies and Historical References)  

Throughout this book, you will find many historical references.  These glimpses into the past 
are there to provide you with a bit of a human element.  Essentially, if yo u can appreciate some 
of the people and aspects that led to the development of the mathematics at hand, you can 
better understand the reasoning behind its existence. 

Sir Isaac Newton once said, "If I have seen further than others, it is because I have stood on the 
shoulders of giants."  In mathematics, there are three people who are widely considered those 
giants: Archimedes of Syracuse, Johann Carl Friedrich Gauss, and Sir Isaac Newton, himself. 

 

Archimedes of Syracuse :  

Archimedes (287-212 BC) was a native of Syracuse, Sicily.  It is highly 
likely that, when he was a young man, Archimedes studied with the 
successors of Euclid in Alexandria.  Certainly he was completely familiar 
with the mathematics developed there, and personally knew the 
mathematicians working there and he sent his results to Alexandria with 
personal messages. 

There are a number of references to Archimedes in the writings of the time, 
for he had gained a reputation in his own time which few other mathemat icians of this period 
achieved.  The reason for this was not a widespread interest in new mathematical ideas, but 
rather that Archimedes had invented many machines which were used as engines of war.  
These were particularly effective in the defense of Syracuse when it was attacked by the 
Romans under the command of Marcellus.  Although he achieved fame by his mechanical 
inventions, Archimedes believed that pure mathematics was the only worthy pursuit.   

The mathematical achievements of Archimedes are quite outstanding.  He is considered by 
most historians of mathematics as one of the greatest mathematicians of all time.  He perfected a 
method of integration which allowed him to find areas, volumes and surface areas of many 
bodies.  He could approximate square roots accurately.  He invented a system for expressing 
large numbers.  In mechanics, Archimedes discovered fundamental theorems concerning the 
center of gravity of plane figures and solids.  His most famous theorem, Archimedes' principle 
gives the weight of a body immersed in a liquid.  

Archimedes was killed in 212 BC during the capture of Syracuse by the Romans in the Second 
Punic War, after all his efforts to keep the Romans at bay with his machines of war had failed.  
There are different versions of the story relating his death, but one of the most fateful describes 
him intent upon working out some problem by a diagram he was drawing in the sand, and 
having never noticed the incursion of the Romans.  A soldier, unexpectedly coming up to him, 
commanded Ar chimedes follow him to the Roman Commander, Marcellus.  When Archimedes 
declined to do so until he had worked out his problem to a demonstration, the soldier, enraged, 
drew his sword and ran him through.  
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Carl Friedrich Gauss: 

At the age of seven, German born Johann Carl Friedrich Gauss (1777-1855) 
started elementary school, and his potential was noticed almost 
immediately.  His teacher was amazed when Gauss summed the integers 
from 1 to 100 instantly by spotting that the sum was 50 pairs of numbers, 
with each pair summing to 101.  Thus, the sum is the same as 50×101, 
which is 5050. 

Before the turn of the 19th Century, Gauss had already made many contributions to the world of 
mathematics, including the binomial theorem and the arithmetic -geometric mean, as well as the 
law of quadratic reciprocity and the prime number theorem.  One of his most important 
discoveries, the construction of a regular 17-sided poly gon (called a heptadecagon) using only a 
ruler and compasses, was the most major advance in this field since the time of Greek 
mathematics.  In fact, Gauss actually requested the figure be constructed on his tombstone. 

From the early 1800s Gauss had an interest in the question of the possible existence of a non-
Euclidean geometry.  In a book review in 1816, he discussed proofs which deduced the axiom of 
parallels from the other Euclidean axioms, suggesting that he believed in the existence of non-
Euclidean geometry, although he was rather vague.  Gauss believed his reputation would suffer 
if he admitted in public that he believed in the existence of such a geometry.  

One of Gauss's last doctoral students wrote the following vivid description of his supervisor:  

"... usually he sat in a comfortable attitude, looking down, slightly  stooped, with 
hands folded above his lap.  He spoke quite freely, very clearly, simply and 
plainly: but when he wanted to emphasize a new viewpoint he lifted his head, 
turned to one of those sitting next to him, and gazed at him with his beautiful, 
penetrating blue eyes during the emphatic speech. ... If he proceeded from an 
explanation of principles to the development of mathematical formulas, he got 
up, and in a stately very upright posture he wrote on a blackboard beside him in 
his peculiarly beautiful handwriting: he always succeeded through economy 
and deliberate arrangement in making do with a rather small space. For 
numerical examples, on whose careful completion he placed special value, he 
brought along the requisite data on little slips of paper."  

 

Sir Isaac Newton : 

Isaac Newton (1643-1727) came from a family of farmers in England , but never knew his father, 
also named Isaac Newton, who died a few months before his son was born.  Although Newton's 
father owned property and animals which made him quite a wealthy man, he was completely 
uneducated and could not sign his own name. 

His mother remarried the minister of the church in a nearby village, when Isaac was two years 
old.  Since he was then left in the care of his grandmother and, basically, treated as an orphan, 
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Isaac did not have a happy childhood.  His grandfather was never 
mentioned by Isaac in later life and the fact that he left nothing to Isaac in 
his will, suggests that there was no love lost between the two.  There is no 
doubt that Isaac felt very bitter towards his mother and his step -father.  
When examining his sins at age nineteen, Isaac listed: "Threatening my 
father and mother, to burn them and the house over them."   

When Isaacõs step-father died, he started attending school, but showed little promise in 
academic work.  Despite early school reports that described him as ôidleõ and ôinattentive,õ Isaac 
was able to convince some of those around him that he had academic promise.  At first, his 
scientific genius developed slowly.  However, when the plague closed the Univ ersity in the 
summer of 1665, he had to return to his motherõs estate.  There, in a period of less than two 
years, while Newton was still under 25 years old, he began revolutionary advances in 
mathematics, optics, physics, and astronomy.  When the University of Cambridge reopened 
after the plague in 1667, Newton put himself forward as a candidate for a fellowship.  In 1669, 
when Isaac Barrow resigned the prestigious Lucasian Chair of Mathematics, he recommended 
that Newton (still only 27 years old) be appointed in his place.  

Newton's greatest achievement was his work in physics and celestial mechanics, which 
culminated in the theory of universal gravitation.  By 1666 Newton had early versions of his 
three laws of motion.  He had also discovered the law giving the centrifugal force on a body 
moving uniforml y in a circular path.  Newton was persuaded to write a full treatment of his 
new physics and its application to astronomy, and just over a year later he published the 
Philosophiæ Naturalis Principia Mathematica or Principia, as it is always known.  The Principia is 
widely recognized as the greatest scientific book ever written.  

After suffering a second nervous breakdown in 1693, Newton retired from research.  He 
decided to leave Cambridge to take up a government position in London becomin g Warden of 
the Royal Mint in 1696 and Master in 1699.  However, he did not resign his positions at 
Cambridge until 1701.  In 1703 he was elected president of the Royal Society and was re-elected 
each year until his death.  Knighted in 1705 by Queen Anne, he was the first scientist to be so 
honored for his work.  
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1.2: Precise and Accurate (Estimation & Rounding)  

What is the difference between precision and accuracy?  Precision refers to the detail of the 
answer.  Accuracy is concerned with its correctness.  If I say the current time is 47 minutes and 
53.56 seconds past one in the afternoon, you could say my statement is very precise.  However, 
if it is actually 5:30 in the morning, my statement is not very accurate.  

Many people have some misconceptions when it comes to when and how to correctly round 
numbers.  Furthermore, many people believe rounding and estimating are the same thing.  
They are not.  Just like measurements can be very precise, but not very accurate, there are 
fundamental differences between rounding and estimating.  

 

Estimation:  

Estimation  is done to determine an approximate value of a calculation.  Estimations do not 
have to be precise; in fact, they are much easier to handle when they are less precise.  However, 
we do hope they are reasonably accurate.  Estimations are done for our benefit and our benefit 
alone, just to get a rough idea of what the answer should be.  Furthermore, they should be done 
quickly and, preferably, in our heads. 

 

Example: You are grocery shopping and realize you only have $10.  
You want to buy a gallon of milk for $3.69, a bag of chips for 99¢, a 
sandwich from the Deli for $4.29.  Quickly estimate the total cost of 
your items to see if you will have enough money.  

You can estimate the milk to cost $4, the chips to cost $1, and the  
sandwich to cost $4, making the total $9.  $10 should be enough. 

 

Rounding :  

Estimations can be done to any place value we desire.  Rounding , however, involves a specified 
place value.  We MUST have a place value to which to round.  Without a specified place value, 
it is incorrect to assume one out of convenience.   

Place values extend forever in both directions.  However, we will concentrate on the places 
close to the decimal point.  Immediately t o the left of the decimal point is the ones place.  To its 
left is the tens place, then, continuing to the left, we have the hundreds , thousands, ten 

thousands, hundred thousands, and millions  places. 
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To the right of the decimal p oint , it is important to  note there is no òonethsó place.  The first 
place value to the right of the decimal point is the tenths place.  Then, moving to the right, we 
have the hundredths , thousandths , and ten thousandths .  In fact, skipping the ones place, the 
place values to the right of the decimal point are a mirror image of those on the left.  On the 
right, however, we add the ðths suffix onto each name. 

 

 

The proper procedure for the traditional rounding  of a number is as follows. 

1. First, determine the round -off digit, which is the digit in the specified place value 
column. 
 

2. If the first digit to the right of the round -off digit is less than 5, do not change the round-
off digit, but delete all the remaining digits to its right.  If you are rounding to a whole 
number, such as tens or hundreds, all the digits between the round-off digit and the 
decimal point should become zeros, and no digits will appear after the decimal point.  

 
3. If the first digit to the right of the round -off digit is 5 or more, increase the round-off 

digit by 1, and delete all the remaining digits to its right.  Again, if you are rounding to a 
non-decimal number, such as tens or hundreds, all the digits between the round-off digit 
and the decimal point should become zeros, and no digits will a ppear after the decimal 
point.  
 

4. For decimals, double-check to make sure the right-most digit of the decimal falls in the 
place value column to which you were directed to round, and there are no other digits to 
its right.   
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Example: Round 103.4736999 to the nearest tenth, hundredth, and then hundred.  

For the tenth, begin by recognizing the 4 is in the tenths place.  The 7 
immediately to its right indicates we are to change the 4 to a 5, and remove the 
rest of the digits.  Thus, to the tenth, the value is 103.5. 

For the hundredth, begin by recognizing the 7 is in the hundredths place.  The 3 
immediately to its right indicates we are not to change the 7, and remove the rest 
of the digits.  Thus, to the hundredth, the value is 103.47. 

For the hundred, begin by recognizing the 1 is in the hundreds place.  The 0 
immediately to its right indicates we are not to change the 1, and all the digits 
between the 1 and the decimal point are to become 0õs.  Thus, to the hundred, the 
value is 100. 

 

Example: Round 13.99 to the nearest whole number  and then hundred . 

For the whole number, or ones place, begin by recognizing the 3 is in the ones 
place.  The 9 immediately to its right indicates we are to increase the 3 to a 4, and 
remove the rest of the digits.  Thus, to the whole number, the value is 14.  
Although 14.00 has the same value as 14, it would be incorrect to state the 
answer as 14.00 because the rightmost digit falls in the hundredths place, not the 
ones place.  

For the hundred, begin by recognizing a 0 is in the hundr eds place ð even though 
it is not written.  The 1 immediately to its right indicates we are not to change the 
0, and all the digits between the rounding digit and the decimal point are to 
become 0õs.  Thus, to the hundred, the value is 0.  Even though the 0 is, 
technically, in the ones place, we do not write 000.  We just write 0.  0 is the only 
exception to the rightmost digit rule.  

 

Leading Digit Estimation :  

A quick way to see if we performed an arithmetic problem correctly is a more structured form 
of estimation we will call Leading Digit Estimation .  In this technique, we actually arrive at our 
estimated answer by rounding each number in the problem based on the first digit in e ach 
number.   

One advantage of Leading Digit Estimation is consistency.  Although general estimations can 
vary from person to person, estimations done using Leading Digit Estimation should be the 
same, regardless of who has done them.   

 



 

 

 

15 

 

Example: Use Leading Digit Estim ation to estimate the sum: 2319 + 345 + 12 + 421 + 5698. 

Looking at only the first digit of each number, we round 2319 to 2000, 345 to 300, 
12 to 10, 421 to 400, and 5698 to 6000.  Then add 2000 + 300 + 10 + 400 + 6000, to 
get 8710.  Remember, this is just a quick estimate; it just means the true sum 
should be close to 8710.  We should then actually perform the addition to see the 
true sum is 8795. 

 

When to Round and When NOT to Round:  

Throughout this book, and all of mathematics, for that much, we will see many directives to 
òRound to the nearest hundredth (or other place value), when necessary.ó  The important part 
of that directive is the òwhen necessaryó part.  How are we supposed to know when rounding 
is necessary and when it isnõt?   

First, if we are given the absolute directive òround to the nearest hundredthó(or other place 
value) we MUST round to the specified place value. 

If there is no directive to round to a specified place value, it is incorrect to do so.  
After all, if no place value is mentioned , we cannot assume one out of convenience. 

Then we run into the òwhen necessaryó scenario.  This only applies to non-terminating 
decimals.  So, just what is a non-terminating decimal?  

When we change a fraction to a decimal, we divide the numerator by the denominator.  To 
write 2/5 as a decimal, we divide 2 by 5 to get 0.4.  When doing such a division, if we come to a 
place where the division ends, we have a terminating decimal .  If the division does not end, it 
will begin to rep eat.  5/9 as a decimal is 0.55555é  The set of three decimal point s at the end is 
called an ellipsis , and signifies we are to continue the pattern that has been established.  A 
decimal that repeats a pattern is called a repeating decimal . 

There are also decimals that do not terminate and do not repeat.  The well -remembered number 

from geometry class, p (pi) is one of them.  Even though we typically use the value of 3.14, the 

value of p is closer to 3.141592654.  In fact, the decimal part goes on forever and does not repeat.  
The technical name for this group is transcendental numbers , but for our purposes, we will 
group the transcendental numbers and repeating decimals together and refer to them as non-

terminating decimals . 

Now, letõs go back to our òwhen necessaryó dilemma.  If the decimal terminates, there usually is 
no need to round it.  In fact, if we round it, our answer  is less accurate than it could be.  In other 
words, 1/32 = 0.03125, exactly.  If we round that decimal to the hundredth, to 0.03, the value is 
no longer equal to 1/32.  Sure, itõs close, but it is NOT equal to 1/32; itõs actually 3/100. 
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Non-terminating de cimals are the ones to which we need to pay attention.  If we dismiss the use 
of the ellipsis, it is impossible to write 1/3 as a decimal.  0.33 = 33/100, but 1/3 = 33/99.  0.33333 
= 33333/100000, but 1/3 = 33333/99999.  0.333333333333333 is closer, but as soon as we stop 
writing 3õs, we no longer have exactly 1/3.  Thus, in order to save ourselves from writing 3õs 
indefinitely, it is necessary to round it to a specified place value.   

Keep in mind, a calculator does not display an ellipsis.  If you change 5/9 to a decimal, the 
calculator may display the òfinaló digit as a 6: 0.555555556.  Calculators typically round to the 
number of digits they can display on their screens.  Some calculators may just truncate the 
decimal to the screen size, and others may actually hold an extra three to five digits of the 
decimal in memory without displaying them ð this is actually the smartest version, as a greater 
amount of precision leads to a greater amount of accuracy. 

Essentially, if the decimal terminates within three  to four decimal places, DO NOT ROUND.  If 
it extends past four decimal places AND we have a specified place value to which to round, go 
ahead and do so, as long as there is a designated place value. 

Also, if money is involved, we should always round to th e nearest cent, unless we are 
specifically told to round to a less precise value, such as the nearest dollar, or the nearest 
thousand dollars. 

 

Round ONLY as the Last Step:  

Our discussion of decimals is not complete without a mention of the consequences of rounding 
too early. 

If we are going to do so, rounding is ALWAYS the very last step in a problem.  One very 
common mistake in multi -step problems is to round at an intermediate step.  This mistake is 
often compounded by the fact that the student is using a calculator.  Remember, the calculator is 
only as accurate as the one using it. 

 

Example: Use a calculator to compute: 1000(1 + 0.14/12)24.  Round your answer to the nearest 
hundredth.  

The order of operations says we do the 0.14/12 first.  Many students will use a 
calculator and see that 0.14/12 = 0.011666é, and òroundó it to 0.012.  Then, if we 
add 1, raise the 1.012 to the 24th power and multiply the result by 1000, we get a 
total of 1331.4728, or 1331.47 when we round the answer to the hundredth. 

In actuality, 1000(1 + 0.14/12)24 = 1320.9871, or 1320.99 to the nearest hundredth.  
By òroundingò in an intermediate step, our answer of 1331.47 was incorrect.  If 
this were money, our previous calculation was off by over $10, but could very 
easily have turned out to be much greater. 
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In the previous example, the key to avoiding early rounding mistakes was to use the calculator 
effectively.  To do so, leave the entire decimal representations in the calculator as much as 
possible.  Also, if we make use of the parentheses keys, we should never have to hit the = 
button more than once in any multi -step computation.   

 

Hereõs the same example, but this time, we will use the calculatorõs features a little better. 

Example: Use a calculator to compute: 1000(1 + 0.14/12)24.  Round your answer to the nearest 
hundredth.  

Literally type:  

You should get 1320.9871, which you will manually round to 1320.99. 

Depending on your calculator, the exponentiation key, may look like .  
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Section 1.2 Exercises 

1. Use Leading Digit  Estimation to estimate the answers to the following problems.  

a)   7.9 + 2.3 + 12.8   b)   2139 × 11   c)   4122/81 

 

 

2. Use Leading Digit Esti mation to estimate the answers to the following problems.  

a)   12.2 + 9.3 + 42.9  b)   93 × 21   c)   2117/19 

 

 

For Exercises #3-7, read each problem carefully and estimate the answer. 

3. The distance between Joeõs house and school is 9.25 miles, and Joe goes to school 4 days a 
week.  Estimate the total number of miles Joe drives between home and school in one 
month.  

 

 

4. Using the information from the previous exercise, letõs assume Joe gets 29 miles per gallon.  
If gas is $2.89 per gallon and Joe only uses his car to go to and from school, approximately 
how much money does he spend per month on gas? 

 
 
 

5. Julia purchased a new Honda Accord and traveled 356 miles 
before refueling.  If she needed 15.6 gallons of gas to fill the 
carõs tank, estimate her gas mileage. 
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6. Using the information in the previous exercise, if the cost of the gas is $1.48 per gallon, 
estimate the total cost of the gas. 

 
 
 

7. If the life span of a light bulb is 2500 hours, approximately how many weeks 
can you keep this light on 24 hours a day? 

 
 
 

8. A sign mounted on a panel in an elevator read, òCapacity: 3300 pounds (17 people).ó  Do 
you think the elevator can  support 22 first grade children?  Why? 

 

 

9. For the number 9185, round to the following place values. 

a)   Hundreds   b)   Tens   c)   Ten-thousands 

 

 

10. For the number 2555, round to the following place values. 

a)   Hundreds   b)   Tens   c)   Ten-thousands 

 

 

11. For the number 205.687, round to the following place values. 

a)   Hundreds   b)   Hundredth s  c)   Ten-thousandth s 
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12. For the number 987.65432, round to the following place values. 

a)   Hundreds   b)   Hundredth s  c)   Ten-thousandth s 

 

 

13. For the number 9185.444445, round to the following place values. 

a)   Hundreds   b)   Hundredth s  c)   Ten-thousandth s 

 

 

14. For the number 3.9999999, round to the following place values. 

a)   Hundredth s   b)   Tens    c)   Whole Number 

 

 

15. For the number 8255.687, round to the following pla ce values. 

a)   Hundreds   b)   Hundredth s  c)   Thousands 
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Answers to Section 1.2 Exercises 

1. a)   8 + 2 + 10 = 20  b)   2000 × 10 = 20,000  c)  4000/80 = 50 
 
2. a)   10 + 9 + 40 = 59 b)   90 × 20 = 1800  c)  2000/20 = 100 
 
3. 10 miles/trip × 2 trips/day × 4 days/week × 4 weeks/month = 320 miles/month  
 
4. Approximately 300 miles/month ÷ 30 miles/gallon is about 10 gallons of gas per month.  

Gas is about $3.00 per gallon, so 10 gallons will cost about $30. 
 
5. 300 mi/15 gal = 20 mpg. 
 
6. Gas is about $1.50 per gallon, so the total cost is about $22.50. 
 
7. 2400 hours/24 hr per day means the bulb will last a little more than  100 days.  Rather than 

dividing 100 by 7, if we notice 98/7 = 14, we can say the bulb will last a little more than  14 
weeks.  Since we underestimated twice, (we took 2500 to 2400 and 100 to 98), it may even be 
more accurate to say the bulb will last about 15 weeks. 

 
8. Since a first grader weighs less than 100 pounds, 22 of them will be less than 2200 pounds.  

So, yes, the elevator will hold 22 first grade children 
 
9. a)  9200   b)  9190   c)  10,000 

 
10. a)  2600   b)  2560   c)  0 

 
11. a)  200   b)  205.69   c)  205.6870 

 
12. a)  1000   b)  987.65   c)  987.6543 

 
13. a)  9200   b)  9185.44   c)  9185.4444 

 
14. a)  4.00   b)  0    c)  4 

 
15. a)  8300   b)  8255.69   c)  8000 
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1.3: I Hate Story Problems (Problem Solving Strategies & Applications)  

Problem Solving Strategies:  

Many students struggle with word problems because they don't believe reading is a part of a 
math class, and thus, they don't take the time to read and understand the problems.  In his 
book, How to Solve It, George Polya laid out a step-by-step process for  problem solving:  

1. Understand the Problem 
2. Devise a Plan 
3. Carry Out the Plan  
4. Look Back  

 

A fifth step - MAKE SURE YOU ANSWER THE QUESTION  - is also very important.  
The bottom line is - Use your common sense when working with word problems.  

For a more descriptive list of Polyaõs process, consider the following: 

Step 1: Understand the Problem  

¶ Do you understand all the words?  
¶ Can you restate the problem in your own words?  
¶ Do you know what is given?  
¶ Do you know what the goal is?  
¶ Is there enough information? 
¶ Is there extraneous information? 
¶ Is the problem similar to another problem you have solved? 
¶ Draw a picture of the problem statement, if applicable. 

Step 2: Devise a Plan 

There are many ways to solve problems.  Essentially, a strategy is defined as an artful means to 
an end.  Can one of the following strategies be used? 

1. Guess and Test: Yes, guessing is a legitimate strategy for solving a problem. 
2. Look for a Pattern: Often, patterns can point to a formula.  
3. Use a Variable and Translate the English Phrases Into Algebraic Expressions and/or 

Equations. 
4. Make a List: Many times, a list will reveal a pattern . 
5. Solve a Simpler Problem: Often (or Use an Example), if we cannot solve a problem, there 

is an easier problem that lies at the root of our troubles.  Finding and solving that easier 
problem may lead to clues that help solve the bigger one. 

6. Draw a Picture of How to Solve the Problem: Yes, a picture can be worth 1000 words. 
7. Work Backwards: Works great if we know the answer and need to find the process.  
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Step 3: Carry Out the Plan  

¶ Implement the strategy or strategies we have chosen until the problem is solved or a 
new course of action is suggested. 

¶ Give ourselves a reasonable amount of time in which to solve the problem.  
¶ Don't be afraid of starting over.  Often, a fresh start and a new strategy will lead to 

success. 

Step 4: Look Back 

¶ Is our solution correct? 
¶ Does our answer satisfy the statement of the problem? 
¶ Can we see an easier solution? 
¶ Can we use this solution to solve other problems? 

Step 5: Answer the Question  

¶ In written or verbal responses, we should always answer the asked question in a 
complete sentence. 

 

Practice Problems:  The following activities will hel p us get a better understanding of strategies 
mentioned in Step 2. 

Strategy: Guess and Test:  
Clues: The Guess and Test strategy may be appropriate when:  

¶ There are a limited number of possible answers. 
¶ We want to gain a better understanding of the problem.  
¶ We have a good idea of what the answer is. 
¶ We can systematically try possible answers. 
¶ There is no other obvious strategy to try. 

Problem 1: Place the digits 1, 2, 3, 4, 5, and 6 in the circles below so that the sum of the three 
numbers on each side of the triangle is 12.  

 
 
Hint:  There are a limited number of possible configurations.  Start plugging in the numbers and 
you may actually stumble across the correct answer! 
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Strategy: Look for a Pattern:   
Clues: The Look for a Pattern strategy may be appropriate when:  

¶ A list of data is given.  
¶ Listing special cases helps you deal with complex problems. 
¶ We are asked to make a prediction or generalization. 

Problem 2: What is the sum of the first n consecutive odd numbers? 

For Example: 

1 = 1 
1 + 3 = _____ 
1 + 3 + 5 = _____  
1 + 3 + 5 + 7 = _____  
1 + 3 + 5 + 7 + 9 = _____ 
1 + 3 + 5 + 7 + 9 + 11 = _____ 

Continue this until you see a pattern.  

If you think you have the solution, predict the sum of th e first 15 odd numbers.  That is, without 
doing the addition, what is the following sum?  

1 + 3 + 5 + 7 + 9 + 11 + 13 + 15 + 17 + 19 + 21 + 23 + 25 + 27 + 29 = _____  

 

Strategy: Use a Variable:  
Clues: The Use a Variable Strategy may be useful when:  

¶ A phrase similar to "for any number" is present or implied.  
¶ A problem suggests an equation. 
¶ A proof or a general solution is required.  
¶ There is a large number of cases 
¶ A proof is asked in a problem involving numbe rs. 
¶ We are trying to develop a general formula.  

Problem 3: What is the greatest number that divides the sum of any three consecutive whole 
numbers, without leaving a remainder?  

¶ Understand the problem :  
o The whole numbers are 0, 1, 2, 3, 4, . . .  
o Consecutive whole numbers differ by 1.  
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¶ Devise a Plan:  
o If n represents the first whole number, what are the next two?  
o How do we indicate the sum of such numbers? 

 
¶ Carry Out the Plan:  

o n + (n+1) + (n+2) = ?  Can you finish this one? 
 

¶ Look Back, Check Our Work, and Answer the Question  

 

Strategy: Make a List :  
Clues: The Make a List strategy may be appropriate when:  

¶ The information can easily be organized and presented. 
¶ Data can be easily generated. 
¶ Asked "in how many ways" something can be done.  

Problem 4: In how many ways can the letters A, B, and C be arranged? 

 

Strategy: Solve a Simpler Problem :  
Clues: The Solve a Simpler Problem strategy may be appropriate when:  

¶ The problem involves complicated computations.  
¶ The problem involves very large or small numbers.  
¶ We are asked to find the sum of a series of numbers. 
¶ A direct solution is too complex.   

Problem 5: There are 20 people at a meeting.  If each person 
shakes hands with every person (except himself) in the room 
only once, how many handshakes will there be?  

Hint : What if there were 2 people?  3 people?  4 people? . . . 

 

Strategy: Draw a Picture :  
Clues: The Draw a Picture strategy may be appropriate when:  

¶ A physical situation is involved.  
¶ Geometric figures or measurements are involved. 
¶ A visual representation of the problem is possible . 
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Problem 6: We can make one square with four toothpicks.  Show how we can make two squares 
with seven toothpicks (breaking toothpicks is not allowed), three squares with 10 toothpicks, 
and five squares with 12 toothpicks.  (Draw some pictures!)  

 

Strategy: Work Backward s:  
Clues: The Work Backwards  strategy may be appropriate when:  

¶ We know the answer and need to find the process. 

Problem 7: A merchant has a basket of oranges, and sells half of them to the first person and 
then gives him one more for  good measure.  He then sells half  the remaining oranges to the 
second person and gives him  an extra orange for good measure.  A third person buys exactly 
half the remaining oranges and the vendor gives him one more for good measure.  Finally the 
merchant eats the last orange.  How many oranges were originally in the basket? 

 

Solutions to Section Problems:  

Problem 1: Place the digits 1, 2, 3, 4, 5, and 6 in the circles below so that the sum of the three 
numbers on each side of the triangle is 12.   

Multiple solutions are possible.  Hereõs one: 

 

 

Problem 2: What is the sum of the first n consecutive odd numbers? 

1 = 1 = 12 
1 + 3 = 4 = 22 
1 + 3 + 5 = 9 = 32 
1 + 3 + 5 + 7 = 16 = 42  
1 + 3 + 5 + 7 + 9 = 25 = 52 
1 + 3 + 5 + 7 + 9 + 11 = 36 = 62 

The sum of the first n consecutive odd numbers is n2.  

6 1 5 

2 3 

4 
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Problem 3: What is the greatest number that divides the sum of any three consecutive whole 
numbers, without leaving a remainder?  

Let n be the first number.  Then any three consecutive whole numbers are n, n+1, and n+2.   

n + (n+1) + (n+2) = 3n + 3 = 3(n + 1). 

So, for any three consecutive whole numbers, 3 will always divide their sum, without leaving a 
remainder.  And, as 3(n + 1) contains no numeric factors greater than it, 3 is also the largest such 
number. 

 

Problem 4: In how many ways can the letters A, B, and C be arranged? 

Listing all the possibilities, ABC, ACB, BAC, BCA, CAB, & CBA, we see there are six possible 
arrangements. 

 

Problem 5: There are 20 people at a meeting.  If each person shakes hands with every person 
(except himself) in the room only once, how many handshakes will there be?  

With 2 people there is 1 handshake.  If a third person walks into the room, he shakes two hands, 
making a total of three handshakes.  Continuing this observation, we see: 

ü 2 People = 1 Handshake 
ü 3 People = 3 Handshakes 
ü 4 People = 6 Handshakes 
ü 5 People = 10 Handshakes 

When a new person, n, enters the room, he shakes n-1 hands (he does not shake hands with 
himself), making the total numb er of handshakes for n people equal to the sum of the first n-1 
whole numbers.  For example, for 5 people, the number of handshakes is 4+3+2+1=10.  The sum 

of the first n-1 whole numbers is 
( - 1)

2

n n
, so for 20 people there will be 190 handshakes. 

 

Problem 6: We can make one square with four toothpicks.  Show how we can make two squares 
with seven toothpicks (breaking toothpicks is not allowed), three squares with 10 toothpicks, 
and five squares with 12 toothpicks?  

With 7, one side of each square shares a side.  That is, draw two squares that are side-by-side, 
and share one side.  Likewise, with 10 toothpicks we can line up three squares in a row, with the 
center square sharing sides with each of the adjacent ones.  For 12 toothpicks, first make a large 
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square with 8 toothpicks, using two toothpicks on each side.  Then use the remaining four 
toothpicks to make a cross through the center, dividing the big square into 4 small ones.  Thus, 
we have four small squares, and one large one. 

 

Problem 7: As the strategy indicated, work backwards.  The merchant ate the last orange.  
Before that, he gave one free orange to the third customer, meaning, just before that, there had 
to be two oranges in the basket.  The third customer bought half the oranges, and that purchase 
left two oranges.  Thus, before the purchase, there had to be four oranges. 

Continuing to work backwards, the second customer was given a free orange.  That means, 
before the gift orange was given, there had to be five oranges in the basket.  That second 
customer bought half the oranges, and five were left.  That means, before the purchase, there 
had to be 10 oranges in the basket. 

Before the first customer was given a free one, there had to be 11 oranges in the basket.  Which, 
similar to before, means there were 22 oranges in the basket before the first customer made his 
purchase. 

Now that we know there were 22 oranges in the basket, it is always a good idea to verify the 
solution by working through the problem go ing forward.  Half of 22 is 11.  Give away 1 to get 
10.  Half of 10 is 5.  Give away 1 to get 4.  Half of 4 is 2.  Give away 1 and enjoy the last orange. 

 

One Final Note:  

Be careful with your calculator, especially when you are asked to find an arithmetic al pattern.   

 

Example: Using a calculator, find the squares of 6, 66, 666, and 6666.  Then, establish the pattern 
and use the pattern to predict the squares of 66,666 and 666,666.  How about 666,666,6662? 

Using a calculator, 

62 = 36, 662 = 4356, 6662 = 443,556, and 66662 = 44,435,556 

The pattern is the number of 4õs and 5õs in the answer is one less than the number 
of 6õs in the number you were squaring.  Separate the 4õs and 5õs by a 3, and end 
the number with a 6.  

So, 

66,6662 will have four 4õs and four 5õs, separated by a 3, and ending with a 6. 
66,6662 = 4,444,355,556 
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666,6662 will have five 4õs and five 5õs, separated by a 3, and ending with a 6. 
666,6662 = 444,443,555,556 

666,666,6662 will have eight 4õs and eight 5õs, separated by a 3, and ending with a 6. 
666,666,6662 = 444,444,443,555,555,556 

 

If you used your calculator to compute 666,6662 you may have gotten the wrong answer!  Most 
scientific calculators can only display eight or ten digits.  So, to display the twelve -digit 
444,443,555,556 the calculator converts the number to scientific notation and rounds it to an 
eight- or ten-digit number: 4.444435556×1011.  Even worse, many calculators do not display the 
òĮ10ó of the notation, leaving just a gap between the last digit and the exponent: 4.444435556  11 
or by displaying an òEó in place of the òĮ10ó ð 4.4444435556E11. 

Likewise, on a normal ten-digit scientific calculator, 666,666,6662 is displayed as 4.4444444436  17 
(or 4.4444444436E17) ð missing the 5õs altogether!  If you converted the displayed answer back 
to standard form  by moving the decimal point 17 places to the right , you would have 
444,444,443,600,000,000.  That value is over 44 million away from the correct answer of 
444,444,443,555,555,556. 

Graphing calculators can display larger numbers, but, alas, they too, have a limit.  In general, it 
would be wise to follow the instructions and actually establish and use the indicated pattern.  J 
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Section 1.3 Exercises: 

1. A student started out poorly on his first mathematics test.  However, he doubled his score 
on each of the next two tests.  The third test grade was 96.  What was the studentõs average 
(mean) test grade? 

 

 

2. A large drum filled with water is to be drained using a small opening at the top.  One 1 -inch 
diameter hose or three 1/2 -inch hoses can be used to siphon out the water .  Would it be 
faster to use, the one 1-inch hose or the three 1/2-inch hoses?  Why? 

 

 

3. The cost of a car increases by 20% and then decreases by 20%.  Is the resulting price of the 
car greater than, less than, or equal to the original price of the car?  Why? 

 

 

4. A new high school graduate receives two job offers:  Company A offers a starting salary of 
$15,000 a year with a $600 raise every 6 months, while Company B offers $15,000 a year with 
a $1200 raise every 12 months.  Which offer will provide the most income? 

 

 

5. Fill in the three blanks using some combination of the symbols +, -, ×, and ÷ to make a true 
statement of equality. 

7 ___ 7 ___ (7 ___ 7) = 13 
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6. While visiting a friend's h ome, I saw kittens and children playing in the backyard.  
Counting heads, I got 18.  Counting feet, I got 60.  How many kittens and how many 
children were in the backyard?  

 

 

7. Determine the pattern and then generate the next two iterations for the following.   
 
37 × 3 = 111 
37 × 6 = 222 
37 × 9 = 333 

 

 

8. Place the numbers 2, 4, 6, 8, 10, 12, 14, 16, and 18 in the squares below so that the sum of the 
numbers in every column, row, and diagonals is equal to 30. 

 

 

9. Peter, Paul, and Mary are three sports professionals.  One is a tennis player, one is a golfer, 
and one is a skier.  They live in three adjacent houses on City View Drive.  From the 
information below determine who the p rofessional skier is. 

o Mary does not play tennis.  
o Peter does not play golf.  
o The golfer and the skier live beside each other.  
o Three years ago, Paul broke his leg skiing and has not tried it since.  
o Mary lives in the last house.  
o The golfer and the tennis player share a common backyard swimming pool.  
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10. The time in New York City is one  hour ahead of the time in St. Louis, and three hours ahead 
of the time in Las Vegas.  If a flight left NYC at 9 AM, stopped in St. Louis for 50 minutes, 
and then arrived in Las Vegas at 1:35 PM, how long was the plane actually flying? 

 

 

11. If the following pattern is continued, how many dots will be in the hundredth figure?  

 

 

 

12. A man who has a garden 10 meters square (10 m by 10 m) wishes to know how many posts 
will be required to enclose his land.  If the posts are placed exactly 1 m apart, how many are 
needed?  Disregard the thickness of the posts. 

 

 

13. Determine the pattern and then generate the next two iterations for the following.  
 
92 = 81 
992 = 9801 
9992 = 998,001 
99992 = 99,980,001 
99,9992 = 9,999,800,001 
 

 

14. Cindy was given her allowance on Monday.  On Tuesday she spent $1.50 on candy. On 
Wednesday, Cindy found $1.00 on the ground. If Cindy  now has $2, how much was her 
allowance? 
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15. John, Paul, and George uncovered a treasure chest containing some diamonds.  They buried 
half of the diamonds and divided the remaining diamonds evenly among themselves.  John 
received 20 diamonds.  How many diamonds were in the treasure chest when they found it? 

 
 
 

16. Joe walked from his home to Susanõs in 20 minutes.  Then, together, it took Joe and Susan 25 
minutes to walk from Susanõs house to school.  If they  arrived at school at 7:15 AM,  what 
time did Joe leave his home? 
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Answers to Section 1.3 Exercises 

 
1. Technique: Algebra. If x is the first score, 2x is the second, and 4x (2x doubled) is the third.  

Thus, 4x=96 and, therefore, x=24.  His three test scores are 24, 48, and 96.  The mean score is 
(24+48+96)/3 = 56. 
 

2. Technique: Draw a Picture - .  Of course, if we really want the algebra, we need to 

use the formula for the area of a circle, which is A = pr2.  When we compute the area of the 

two circles and we will find the 1 -in hose (with an area of p/4) will do the job faster than 

three of the 1/2 -in hoses (with an area of 3p/16).  
 
3. Technique: Use an Example.  Letõs say the car was originally $10,000.  If the price increases 

by 20%, the new price is $10,000 + 0.20($10,000) = $12,000.  If that price is then decreased by 
20%, you must subtract 20% of the $12,000, not the $10,000.  Since 0.20($12,000) = $2400, and 
$12,000-$2400=$9600, the new price is less than the original price. 

 
4. Technique: Make a list.  If you look at the monthly salaries for the first year, you will find 

the person will be making a higher salary for 6 months with Company A.  
 

5. Technique: Trial and Error.  One way to do it is 7+7-(7÷7). 
 

6. Technique: Algebra.  Assuming children have one head and two legs, and kittens also have 
one head, but four legs...  Using C for the number of children and K for the number of 
kittens, let C+K=18 and 2C+4K=60.  Solving the first equation for C and substituting into the 
second equation, you get 2(18-K)+4K=60. Solve to find K=12.  Thus, there are 12 kittens and 
6 children. 
 

7. Technique: Look for a Pattern.  Notice 37 × 3n = nnn.  So, 37 × 12 = 444, and 37 × 15 = 555. 
 

8. Technique: Look for a Pattern.  Notice that 2+18+10=30, 4+16+10=30, 6+14+10=30, and 
8+12+10=30.  The 10 gets used in each of the four sums, and the only place that crosses four 
directions (both diagonals, across the middle, and down the center) is the center square.  

 

8 6 16 

18 10 2 

4 14 12 

 
9. Technique: Make a List and use the process of elimination.  First, you can eliminate tennis 

for Mary.  Then, since the golfer shares a backyard with the other two, the golfer must be in 
the middle house.  Since Mary lives in the last house, she is not the golfer, and, hence, must 
be the skier. 
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10. Technique: Solve a Simpler Problem.  That is, note that when the plane lands in Vegas, the 
time is 1:35 PM, which is 4:35 PM in NYC.  Thus, the time from start to finish 7 hours and 35 
minutes (9 AM to 4:35 PM).  Deduct the 50 minutes of layover time in STL, and you will find 
the plane was in the air for 6 hours and 45 minutes. 

 
11. Technique: Look for a Pattern.  The nth figure has 2n+1 dots.  Therefore, the 100th figure has 

201 dots. 
 

12. Technique: Draw a Picture.  40 posts are needed.  
 

13. Technique: Look for a Pattern.  The pattern is to start the number with consecutive 9õs that 
number one less than the number of 9õs in the original number.  Then, follow the nines with 
an 8, and then include as many consecutive 0õs as there are nines to start the number.  Then, 
end the number with a single 1.  Thus, for 999,9992 we start with five 9õs, then an 8, then five 
0õs, and end with a 1: 999,998,000,001.  Likewise, 9,999,9992 = 99,999,980,000,001 

 
14. Technique: Work Backwards.  She ends with $2.  Take away the $1 she found, and she had 

$1 before the found money.  Add in the $1.50 she spent, and we find her allowance was 
$2.50. 

 
15. Technique; Work Backwards.  They each got the same amount of diamonds, so, together 

they got a total of 60 diamonds.  60 is half of the remaining, so there had to be 120 diamonds 
in the chest when they found it.  

 
16. Technique: Work Backwards.  They arrived at school at 7:15.  25 minutes earlier was 6:50 

AM.  20 minutes before that would be 6:30 AM . 
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1.4: The Mad Hatterõs Tea Party (Conditional and Equivalent Statements) 

Here is part of the conversation from the Mad Hatterõs Tea Party, in Aliceõs Adventures in 
Wonderland, which was actually written by mathematician Charles Dodgson - under the 
pseudonym Lewis  Carroll . 

"Then you should say what you mean." the March Hare went on.  

"I do," Alice hastily replied; "at least -- at least I mean what I say -- that's the same 
thing, you know."  

"Not the same thing a bit!" said the Hatter, "Why, you might just as well say that 
'I see what I eat' is the same thing as 'I eat what I see'!" 

"You might just as well say," added the March Hare, "that 'I like what I get' is the 
same thing as 'I get what I like'!" 

"You might just as well say," added the Dormouse, who seemed to be talking in 
his sleep, "that 'I breathe when I sleep' is the same thing as 'I sleep when I 
breathe'!" 

"It is the same thing with you," said the Hatter, and here the conversation 
dropped, and the party sat silent for a minute.  

 

Notat ions and Symbols:  

Our brief foray into the world of equivalent statements must begin with some basic shorthand.  
First, we will use the letters p and q to represent individual statements.  So, in order to officially 
begin an argument based on equivalent statements, we must first define the statements and 
assign them a letter.  This is done so we donõt have to keep writing long statements over and 
over.  Also, to keep things simple, we will stick with two phrases at a time.  

Next, a right pointing arrow, Ƃ, means òimplies.ó  More specifically, it means if the statement 
preceding the Ƃ is true, then the statement following the arrow  is also true.  Thus, the logistical 
statement p Ƃ q (read òp implies qó) is the mathematical shorthand notation for òIf the phrase p 
is true, then the phrase q is also true.ó  Implications are often referred to as òif-thenó statements. 

Two additional symbols are Ɖ and ~.  The symbol Ɖ means òequivalent to.ó  Yes, it looks like an 
equal sign with three bars instead of two.  Two statements with the same meaning are said to be 
equivalent.  The tilde, ~, means the ònegationó of the statement.  A negation is usually 
accomplished by the insertion of the word ònotó into the statement.  Sometimes a negation may 
have to be rephrased to make sense.  
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Example: Indicate the negation of the following statements.  

a) p: It is raining.  
b) p: My name is Chuck. 
c) p: I ate a salad for lunch. 

Solutions:  

a) ~p: It is not  raining.  
b) ~p: My name is not  Chuck. 
c) ~p: I did not eat  a salad for lunch. 

 

Conditional Statements:  

A conditional statement  is one that can be put in the form òif  p, then qó where p is called the 
premise  and q is called the conclusion .   

Letõs examine the sentence òEvery college graduate must take at least one math class.ó We can 
rephrase the statement into if-then form as: òIf a person is a college graduate, then he has taken 
at least one math class.ó Being able to rephrase a statement into if-then form is a critical step in 
sorting out the language of conditional and equivalent statements.  

Example: For the following statements, identify the premise, p, and the conclusion, q, and 
rephrase the statements into if-then form.  

a) Corvettes are made by Chevrolet. 
b) People who itemize their deductions pay less in taxes. 

Solutions:  

a) Premise, p: The car is a Corvette. 
Conclusion, q: The car is made by Chevrolet. 
 
p Ƃ q: If the car is a Corvette, then it is made by Chevrolet. 
 

b) Premise, p: People who itemize their deductions.  
Conclusion, q: Paying less in taxes 
 
p Ƃ q: If people itemize their deductions, then they will play less in taxes.  
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When identifying the premise and conclusion of a 
statement, we need to be very careful not lose the original 
meaning of the statement.  For example, in the statement 
òCorvettes are made by Chevrolet,ó if we incorrectly say: 

The premise, p, is: The car is made by Chevrolet. 
The conclusion, q, is: The car is a Corvette. 

Then, the if-then statement would be :   

p Ƃ q: If the car is made by Chevrolet, then it is a Corvette. 

This statement says every car made by Chevrolet is a Corvette, which, clearly, is not true.  So, 
when rewriting statements into their if -then form, be sure to double check that the meaning 
does not get lost. 

One additional thing to think about is the different ways a conditional can be phrased.  If -then 
statements do not necessarily have to contain the specific words if and then.  Here is a list of 
possible variations for the conditional p Ƃ q.   

¶ if p, then q 

¶ if p, q 

¶ q if p 

¶ p implies q 

¶ q whenever p 

¶ p only if q 

Remember, although phrased differently, all of them are interpretations of the original 
conditional statement.  

 

Example: Let p = I live in Las Vegas and q = I live in Nevada.  Write the English translation for the 
conditional statement that matches the following.  

a) if p, then q 
b) if p, q 
c) q if p 

Solutions :  

a) If I live in Las Vegas, then I live in Nevada.  
b) If I live in Las Vegas, I live in Nevada.  
c) I live in Nevada if I live in Las Vegas.  

Notice how all three statements have the same meaning! 
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Contrapositives:  

A contrapositive  is a statement obtained by reversing and negating the premise and the 
conclusion.  Why would you want to do this?  A contraposit ive is logically equivalent to the 
original conditional statement.  So, if we rephrase a conditional into its equivalent 
contrapositive, then we can gain some additional insight in to the original statement.  

In notation, this looks like:  

p Ƃ q Ɖ ~q Ƃ ~p 

 

Example: Write the contrapositive of the following statements.  

a) If it is raining, then I have my umbrella.  
b) If the radio is on, then we are not home. 

Solutions:  

a) p: It is raining  and  q: I have my umbrella.   
So, ~p: It is not raining .  And,  ~q: I do not have my umbrella.  
Thus, ~q Ƃ ~p: If I do not have my umbrella, then it is not raining.  
 

b) p: The radio is on  and  q: We are not home.   
So, ~p: The radio is not  on.  And,  ~q: We are home. 
Thus, ~q Ƃ ~p: If we are home, then the radio is not on. 

 

Converses and Inverses:  

We saw that when we reverse and negate both statements in a conditional statement, the 
resulting contrapositive statement is logically equivalent to the original conditional statement.  
What happens if we only make one of those changes? 

If t he premise and the conclusion are reversed, but not negated, the result is the converse of the 
conditional statement.  If we leave the order alone, but negate both parts of the conditional, we 
get the inverse .   

Symbolically, we have the following four versions:  

Name   Symbolic Form  English Translation  
Conditional   p Ƃ q    If  p, then q. 
Contrapositive  ~q Ƃ ~p  If not q, then not p. 
Converse  q Ƃ p    If  q, then p. 
Inverse   ~p Ƃ ~q  If not p, then not q. 
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Example: Write the converse and inverse of the following conditional statements  

a) Bananas are yellow. 
b) If you exercise three times a week, then you will not get sick. 

Solutions:  

a) p: It is a banana  and  q: It is yellow.   

p Ƃ q: If it is a banana, then it is yellow.  
 
Converse, q Ƃ p: If it is yellow, then it is a banana. 
Inverse, ~p Ƃ ~q: If it is not a banana, then it is not yellow.  
 

b) p: You exercise three times a week  and  q: You will not get sick.   

p Ƃ q: If you exercise three times a week, then you will not get sick. 
 
Converse, q Ƃ p: If you do not get sick, then you exercise three times a week. 
Inverse, ~p Ƃ ~q: If you do not exercise three times a week, then you will get sick. 
 

Do realize, just because a premise implies a conclusion, it does not mean the converse 
statement, if  q, then p, must also be true.  Just like we saw earlier, the statement, òif the car is 
made by Chevrolet, then it is a Corvetteó is not a true statement, as the car can be a Monte 
Carlo, Lumina, Caviler, and one of a dozen other models.  Likewise, the same holds true with 
the inverse.  That is, òif the car is not a Corvette, then it is not made by Chevroletó is not 
necessarily a true statement, either.  The converse and inverse are, however, equivalent to each 
other. 

IMPORTANT:  Remember, a conditional statement is equivalent to its contrapositive,  
but not equivalent to its converse or inverse. 

 

A very common mistake is to believe the converse and/or the ori ginal conditional statements 
are equivalent.  That was Aliceõs mistake at the Mad Hatterõs Tea Party.  This converse error 
(yes, that is the technical name) often rears its ugly head because everyday comments often 
carry an unstated second meaning.  If we say "If it is raining, then I carry my umbrella," then 
people often assume the converse statement, òIf I carry my umbrella, then it is rainingó means 
the same thing.  Think about those two statements for a minute.  Just because I am carrying my 
umbrella, does that mean it is raining? 
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Section 1.4 Exercises 

For the following conditional statements in Exercises #1-10, write the converse, inverse, and 
contrapositive in their English translations.  

1. If I did the homework, then I will pass the test.  

 

 

2. We will pick apples if they are ripe.  

 
 
 

3. If the Cubs win the World Series, I will jump for joy.  

 
 
 

4. If today isnõt your birthday, then there will not be a party.  

 
 
 

5. Mason has hazel eyes. 

 
 
 

6. It rains whenever I wash my car. 

 
 
 

7. A square is a rectangle. 
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8. If JoAnn is coming, she will be late. 

 
 
 

9. I eat when I am hungry.  

 
 
 

10. Susan turns red whenever she gets embarrassed. 

 
 
 

11. òIf the storm is a hurricane, then the winds are blowing at least 74 miles per hour.ó  Given 
that this is a true statement, which of the following must also be true? 
a) If the storm is not a hurricane, then the winds are not blowing at least 74 miles per hour . 
b) If the stormõs winds are blowing at least 74 miles per hour, then the storm is a hurricane. 
c) If the stormõs winds are not blowing at least 74 miles per hour, then the storm is not a 

hurricane. 

 

 

12. òIf the Bears won, then the Packers lost.ó  Given that this statement is true, which of the 
following must also be true?  
a) If the Bears lost, then the Packers won. 
b) If the Packers lost, then the Bears won. 
c) If the Packers won, then the Bears lost. 

 

 

13. òCarrots are not purple.ó  Given that this statement is true, which of 
the following must also be true?  
a) If it is purple, then it is not a carrot.  
b) If it is not a carrot, then it is purple.  
c) If it is not purple, then it is a carrot.  
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14. òI am not going to the party if Mike is going to be there.ó  Given that this statement is true, 
which of the following must also be true?  
a) If Mike is going to be there, I am not going to the party.  
b) If I go to the party, then Mike will not be there.  
c) I go to the party whenever Mike is not there.  

 

 

15. Sam made the following promise to Gary: òIf I help you, you will give me $5.ó  Gary gave 
Sam $5 and Sam walked away.  Did Sam break his promise to Gary?  Why or why not? 

 
 
 

16. An instructor told a student, òYou will not pass unless you come to class every day.ó  The 
student came to class every day and still failed the course.  Does the student have a 
legitimate gripe?  Why or why not?  
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Answers to Section 1.4 Exercises 

For Exercises 1-10, the English phrases may vary, but the meaning will remain the same. 
 

1. Converse: If I passed the test, then I did the homework  
Inverse: If I donõt do the homework, then I will not pass the test. 
Contrapositive: If I didnõt pass the test, then I did not do the homework.  

 
2. Converse: If we pick the apples, then they are ripe. 
Inverse: If they are not ripe, then we wonõt pick the apples. 
Contrapositive: If we donõt pick the apples, then they are not ripe. 

 
3. Converse: If I jump for joy, then the Cubs won the World Series. 
Inverse: If the Cubs donõt win the World Series, then I will not jump for joy. 
Contrapositive: If I do not j ump for joy, then the Cubs did not win the World Series.  

 
4. Converse: If there is not a party, then today is not your birthday.  

Inverse: If today is your birthday, then there is a party.  
Contrapositive: If there is a party, then today is your birthday.  

 
5. Converse: If he has hazel eyes, then he is Mason. 

Inverse: If he is not Mason, then he does not have hazel eyes. 
Contrapositive: If he does not have hazel eyes, then he is not Mason. 

 
6. Converse: If it rains, then I washed my car. 
Inverse: If I didnõt wash my car, then it wonõt rain. 
Contrapositive: If it did not rain, then I did not wash my car.  

 
7. Converse: A rectangle is a square. 

Inverse: If it is not a square, then it is not a rectangle. 
Contrapositive: If it is not a rectangle, then it is not a square. 

 
8. Converse: If she is late, then JoAnn is coming. 

Inverse: If JoAnn is not coming, then she will not be late. 
Contrapositive: If she is not late, then JoAnn is not coming. 

 
9. Converse: If I eat, then I am hungry. 

Inverse: If I am not hungry, then I do not eat.  
Contrapositive: If I do not eat, then I am not hungry.  

 
10. In this one, notice, p: Susan gets embarrassed, and q: She turns red. 

Converse: If Susan turns red, then she is embarrassed. 
Inverse: Susan does not turn red when she is not embarrassed.  
(Or, an alternative Inverse: If she is not embarrassed, Susan does not turn red.)  
Contrapositive: If she does not turn red, then Susan is not embarrassed. 
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11. Choice c) is true. 
 
12. Choice c) is true. 
 
13. Choice a) is true. 
 
14. Both a) and b) are true. 
 
15. Sam did not break his promise.  òIf I help you, then you will pay me $5ó is not equivalent to 
the converse, òIf you give me $5, then I will help you.ó   

 
16. òYou will not pass unless you come to class every day,ó does not mean the student will pass 

if he comes to class every day.  The student may not be happy with the results, but he has no 
legitimate gripe.  
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Critical Thinking WebQuest: Significant Digits  

Why are we doing this?  

If a transaction involves money, we round to the nearest cent for an exact amount, or to 
the nearest dollar for an estimate.  Other numbers, such as the US population ( more 
than 300,000,000 people) or the National Debt (over $10 trillion) are estimates with one 
significant digit.  When we are presented with any number, it is alw ays helpful to 
recognize whether or not the value is approximated, and, if it is, the significance, 
accuracy, and precision of the approximation.  

 

Technical Stuff:  

Significant Digits:  

Digits in a number that have meaning by representing actual measurements are called 
significant digits .  All non -zero digits are always significant.  Zeros are significant if 
they represent actual measurements.  If zeros get used as place-holders that push non-
zero digits to the right or left of a decimal point, then they are not significant.  For 
example, in stating a baseball player hit a 500 ft home run, there is no way to tell if the 
ball traveled exactly 500 feet or approximately 500 feet.  Thus, the number 500 has one 
significant digit.  In co ntrast, stating a person ran a 100 meter race in 11.90 seconds, the 
time has four significant digits.  The ending 0 would not have been included unless it 
represented an actual measurement. 

Accuracy and Precision:  

Accuracy indicates how close a measured value is to the actual value.  Precision  
indicates the degree of detail in a measurement.  A measurement can be extremely 
precise, but not very accurate.  For example, if a man says he weighs 175.92673 pounds, 
the number he has given is very precise, however, if his true weight is 235 pounds, the 
given value is not very accurate. 

Scientific Notation:  

Very large (or very small) n umbers are often written in scientific notation .  This 
notation lists  the number between 0 and 1, and then multiplies that number by a power 
of ten which makes the scientific notation of the number equal to the ordinary decimal 
representation of the number.  For example, 5.2 × 109 = 5,200,000,000.  In some cases, and 
on many calculators, the òĮ 10ó part is replaced with an E.  In the above example,  
5.2 × 109 can appear as 5.2 E 9. 
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First, letõs do some math. 

Indicate the number of significant digits for each of the following amounts . 
a.  13  b.  20  c.  400,000 d.  34.0023 e.  0.009 f.  0.000870 

Round the following to one significant digit, and again to four significant digits.  
 a.  34.246809   b.  0.00845 

 

Now, letõs explore some websites. 

http://www.lon -capa.org/~mmp/applist/sigfig/sig.htm  

Go to the site listed above, which is a java applet game that has you determine the 
number of significant figures in various numbers and answers to simple arithmetic 
problems. 

Also visit the National Deb t Clock found at http://www.brillig.com/debt_clock/ to get an 
idea of the size of the US National Debt. 

 

Things to think about.  

1. What is the difference between rounding to a specified place value and a significant 
number of digits?  

 

2. At his doctor's office, a man is weighed to be 193 1/4 pounds.  At his gym, a digital 
scale indicates his weight is 193.3 pounds.  Which scale is more precise? 

 

3. How precise (that is, to what place value) i s the National Debt Clock? 

 

4. How accurate is the National Debt Clock? 

 

  

http://www.lon-capa.org/~mmp/applist/sigfig/sig.htm
http://www.brillig.com/debt_clock/
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Critical Thinking WebQuest: Sequences  

Why are we doing this?  

Much of mathematics is based upon the recognition of patterns and ordered lists, called 
sequences.  One sequence in particular, the Fibonacci sequence, appears quite often in 
nature, art, and architecture. 

 

Technical Stuff:  

A sequence is an ordered list of numbers related to one another by a given rule, and is 
usually indicated as a1, a2, a3, a4, ...  A general term of the sequence that comes in the n-th 
position is indicated as an. 

In an arithmetic sequence  there is a common difference between each pair of successive 
terms.  The general n-th term for an arithmetic sequence is an = a1 + d(n - 1), where d is 
the common difference. 

In a geometric sequence each term after the first term in a constant multiple of the 
preceding term.  The general n-th term for a geometric sequence is an = a1rn - 1, where r is 
the common ratio between successive terms. 

In the Fibonacci sequence the first and second terms are 1, and each successive term is 
the sum of its two preceding terms. 

 

First, let's do some math.  

1. For the arithmetic sequence: 2, 5, 8, 11, 14 ...  What are the next three numbers in the 
sequence?  What is the formula for determining the n-th term in the sequence? 

 

2. For the geometric sequence:  3, 9, 27, 81 ...  What are the next three numbers in the 
sequence?  What is the formula for determining the n -th term in the sequence? 

 

3. What are the first ten terms of the Fibonacci sequence? 
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Now, let's explore a website.  

Go to http://www.shodor.org/interactivate/activities/se quencer/ .  There, you will 
find the Shodor Education Foundation Interactive Sequencer.  The Starting num:  is just 
that: the first number in the sequence.  For successive terms, the Multiplier:  number is 
multiplied by the preceding term and the Add -on: number is added to that result.  The 
Steps: will indicate the number of terms to be computed.  Thus, to find the first 10 terms 
for the arithmetic sequence 2 + 3(n-1), set the Starting num, to 2, the Multiplier to 1, the 
Add -on to 3, and the Steps to 10.  Then click the Calculate Sequence! button.  

Play around with the Sequencer and then answer the following questions.  

1. Why must the Multiplier be set to 1 and not 0 to compute an arithmetic sequence? 

 

2. What effect does a negative add-on have on an arithmetic sequence? 

 

3. To compute a pure geometric sequence, the Add-on should be set to 0. Why? 

 

 

Some Additional Things to Think About:  

1. Which grows faster: a geometric sequence or an arithmetic sequence?  Why? 

 

2. For the first 10 terms of the Fibonacci sequence, compute the ratio an/a n-1 of every 
pair of consecutive numbers. 

 

3. If you continue to find the ratio of consecutive terms in the Fibonacci sequence, what 
happens? 

 

 

 

  

http://www.shodor.org/interactivate/activities/sequencer/
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Chapter 2: Sets and Venn Diagrams  

People love to group things together.  We put all our socks in one drawer, our books on a shelf, 
and our keys on a keychain.  Any  collection of distinct objects is called a set, and, believe it or 
not, sets are one of the most fundamental concepts in mathematics.   

Set theory, including the study of Venn diagrams, was developed around the end of the 19 th 
century.  Basic set theory concepts are often taught to children, while more advanced concepts 
are usually part of a college education.  Despite the simplicity of merely placing object s 
together, college-level set theory can be quite rigorous.   
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2.1: On the Shoulders of Giants (Bibliographies and Historical References)  

Much of what we study in relation to sets and Venn diagrams can be traced back to two 
individuals  who provided many of their contributions around the end of the 19th century.  
Although there is no evidence suggesting the Englishman John Venn and the Russian-born 
Georg Cantor worked in collaboration, they were likely a ware of each otherõs work and 
probably shared correspondences with other mathematicians from the same era. 

 

John Venn:  

John Venn (1834-1923) was born in Hull, England.  His mother, Martha 
Sykes, died while he was still quite a young boy , and his father was the 
Reverend Henry Venn , who was from a family of distinction.  John's 
grandfather  was the Reverend John Venn who had been the rector of 
Clapham in south London , and the leader of the Clapham Sect, a group of 
evangelical Christians centered on his church.  They successfully 
campaigned for the abolition of slavery, advocated prison reform and the 
prevention of cruel sports, and supported missionary work abroad.  

As might be expected from his family background, John was very strictly brou ght up, and there 
was never any thought other than that he would follow the family tradition into the priesthood.  
He attended a private preparatory school and, upon graduation, enrolled in Cambridge.  There, 
he was awarded a mathematics scholarship in his second year of study.  He graduated as Sixth 
Wrangler in the Mathematical Tripos of 1857, meaning that he was ranked in the sixth place out 
of those students who were awarded a First Class degree in mathematics.  The year after his 
graduation  from Cambrid ge, he was ordained a deacon, and then as a priest a year later.  

In 1862 he returned to Cambridge University as a lecturer in Moral Science, studying and 
teaching logic and probability theory.  He had already become interested in logic, philosophy 
and metaphysics by reading the works  of Augustus De Morgan, George Boole, John Austin, and 
John Stuart Mill.  At Cambridge he found he had common interests with many academics, and 
developed a friendly atmosphere between the lecturers and the students.  In 1883 Venn was 
elected a Fellow of the Royal Society and in the same year was awarded a Sc.D. (Doctor of 
Science) by Cambridge.  About this time Venn left the priesthood and his interests turned 
towards history.  He signaled this change in direction by d onating his large collection of books 
on logic to the Cambridge University Library in 1888.  

Venn is best known for his diagrammatic way of representing sets, and 
their unions and intersections  ð otherwise known as Venn diagrams.  He 
considered three discs, R, S, & T, as typical subsets of a universal set, U.  
The intersections of these discs and their complements divide U into 8 
non-overlapping regions, the unions of which give 256 different Boolean 
combinations of the original sets R, S, & T.  That is, there are 256 
different ways to form different groups of the 8 regions. 
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Venn had other skills and interests too, including a rare skill in building machines.   He used his 
skill to build a machine for bowling cricket balls which was so good that , when the Australian 
Cricket team visited Cambridge in 1909, Venn's machine clean bowled one of its top stars four 
times.  

John Venn died in Cambridge on April 4, 1923.  A stained glass window in the college 
commemorates his work, and, at Hull University, he is commemorated by the Venn Building, 
which was built in 1928.  In a recent BBC poll, Venn was voted as the third greatest 
mathematician of modern times, narrowly beaten by Sir Isaac Newton  and Leonhard Euler.  In 
the end, his son described him as, "Of spare build, he was throughout his life a fine walker and 
mountain climber, a keen botanist, and an excellent talker and linguist."  

 

Georg Cantor:  

Georg Ferdinand Ludwig Philipp  Cantor (1845-1918) was born in St. 
Petersburg, Russia.  He founded set theory and introduced the concept of 
infinite numbers with his discovery of cardinal numbers, and  advanced 
the study of trigonometric series.   Hi s father, Georg Waldemar Cantor, 
was a successful merchant who worked as a wholesaling agent in St . 
Petersburg, then later as a broker in the St. Petersburg Stock Exchange.  
Georg's mother, Maria Anna Böhm, was Russian and very musical.  
Georg must have inherited considerable musical and artistic talents from 
his parents, as he became an outstanding violinist.   

From 1879 to 1884, Cantor published a series of papers designed to provide a basic introduction 
to set theory.  Unfortunately, his ideas were not readily accepted at the time.  Because he 
thought that Cantorõs writings  proved results about mathematical objects that did not exist, 
Leopold Kronecker tried to prevent Cantorõs work from being published.  Kronecker believed 
that mathematics should deal only with finite numbers and with a finite number of operations, 
and is well known for his remark, òGod created the integers, all else is the work of man.ó 

Cantor was well aware of the opposition to his work, and it had a profound impact on his life.  
At the end of May  of 1884, he suffered his first recorded attack of depression.  After a few 
weeks, he recovered, but seemed less confident, as he wrote, òI don't know when I shall return 
to the continuation of my scientific work.  At the moment I can do absolutely  nothing with it, 
and limit myself to the most necessary duty of my lectures; how much happier I would be to be 
scientifically active, if only I had the necessary mental freshness.ó 

When Cantor suffered from periods of depression he turned away from mathem atics and 
instead studied philosophy, along with pursuing his belief that Francis Bacon was actually the 
author of Shakespeare's plays.  During his bout with depression in  1884, he requested that he be 
allowed to lecture on philosophy instead of mathematics, and he then began an intense study of 
Elizabethan literature in an attempt  to prove his Bacon-Shakespeare theory.  
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Extra stress was put on Cantor with the death of his mother in October of 1896, and the death of 
his younger brother in January of 1899.  Then, in December of 1899, his youngest son died.  For 
the remainder of his life he fought against bouts of depression, and even spent some time in a 
sanatorium.  He did , however, continue to work and publish on h is Bacon-Shakespeare theory 
and did not completely give up mathematics, either. 

Cantor retired in 1913 and spent his final years ill and with little food because of the war 
conditions in Germany.  A major event p lanned in Halle to mark Cantor's 70th birthday had to 
be cancelled because of the war, but a smaller event was held in his home.  In June of 1917 he 
entered a sanatorium for the last time and continually wrote to his wife , asking to be allowed to 
go home.  As time passed, Cantorõs contributions came to be appreciated, leading fellow 
Russian mathematician, David Hilbe rt  to describe Cantor's work as, ò...the finest product of 
mathematical genius and one of the supreme achievements of purely intellectual human 
activity.ó 
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2.2: On Your Mark.  Get Set. Go! (Basic Set Concepts & Notations)  

In order to better organize things, we often put them into sets.  Simply stated, a set is a 
collection of distinct objects.  Sets can be indicated several different ways, and three of the most 
common ways are using roster form, set-builder notat ion, or verbal (or written)  description .  
NOTE:  In set-builder notation, the symbol | is translated as "such that."  
 
 

Notation  Set 

Roster form {2, 3, 5, 7, 11, 13, 17, 19}  

Set Builder notation {x | x is a prime number less than 20} 

Verbal Description  The set of all prime numbers less than twenty.  

 

One method to indicate a set is not necessarily better than another, they're just different.  

If it is not possible (or practical) to list all of a set's elements using the roster notation, an ellipsis 
(". . .") can be used.  But, before an ellipsis can be used, enough elements must be listed in order 
to establish a pattern.  For example: {2, . . . , 19} could mean all the prime numbers less than 20, 
or, possibly, all of the whole numbers from 2 to 19.  When in doubt, it is usually best to describe 
larger sets with set-builder notation or a verbal description.  

When writing a set in roster form, we need to be sure to separate each element with a comma.  
Also, be sure to use braces and not parentheses!  For example, to indicate a set consisting of the 
lower case letters a, b, and c in roster form, we must type the set as {a, b, c}.  {a b c} and (a, b, c) 
are both incorrect.  {a b c} lacks commas, and (a, b, c) uses parentheses.   

IMPORTANT : When writing ANY set in roster form or set-builder notation,  
we must be sure to encase the elements within a pair of braces, { }. 

The use of any other grouping symbols (parentheses or brackets) is incorrect. 

 

Another subtle, but important characteristic of a set involves the word òdistinct.ó  To be precise, 
when listing a set, we should  not duplicate the elements in the list.  For example, {a, b, b, c} is a 
list  of objects, but we should not call it a set because the b is listed twice.  The order of the 
elements does not matter; they just should not  be duplicated.  Since we will not explore some 
advanced properties of sets, for our purposes, this one doesnõt matter.  Thus, we will abuse this 
rule from time to ti me and refer to lists like {a, b, b, c} as sets.  Please afford us this luxury.  J 

An infinite set  has an unlimited number of elements.  For example, the set of whole numbers, 
{0, 1, 2, 3, ...} is an infinite set.  If  we know how many elements are in the set, or we know there 
is an end to the number of elements, we have a finite set .  For example, the set {a, b, c} is a finite 
set that contains three elements. 
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Example: Are the following sets infi nite, or finite? 

a. The set of capital letters in the English alphabet. 
 

b. The set of whole numbers. 
 

c. All the gold bars in Fort Knox  
 

Answers:  
a. Finite.  There are 26 of them. 

 
b. Infinite.  If you think you have the last one, just add 1 to it . 

 
c. Finite.  We may not know how much is there, but it there is a specific amount.  

 

If t here is no ambiguity or subjectivity as to whether an element belongs to a set, the set is 
known as well -defined .  The set of integers is well-defined since it is clear whether or not a 
number is in that set.  The set of good teachers at a school is not well-defined, because it is not 
clear whether Teacher X is to be considered "good" or not. 

 

Example: Determine whether the following sets are well -defined. 

a. The set of capital letters in the English alphabet. 
 

b. The set of keys on Johnõs keychain. 
 

c. The best ten Disney characters of all time. 
 

Answers:  
a. Since we know the exact letters in the alphabet, the set is well-defined. 

 
b. Although we may now know what keys are on the keychain, it is possible 

to determine exactly which keys are there.  Also, no matter who makes 
the determination, the results are exactly the same every time.  Thus, the 
set is well-defined. 

 
c. Since two different people will make two different lists, the set is not 

well -defined.  Yes, we know there are 10 characters in the list, but we do 
not know which ten characters are there. 
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Other notation involves the following symbols:  

Symbol  Meaning  Example 

~ Equivalent  
{a, b, c} ~ {#, $, %} 

The sets have same number of elements. 

= Equal 
{a, b, c} = {c, b, a} 

The sets contain the exact same elements. 

Ԝ Element Of a Í {a, b, c} 

ԝ Not an Element Of D Î {a, b, c} 

Ԛ or { } The Empty Set 
The set of all US States sharing a land  
border with Hawaii is the empty set. 

 

Take a closer look at the symbols used for the empty set.  In particular, look at the Ԛ.  That 
symbol is NOT the number zero.  Although many people like to distinguish between the letter 

O and the number 0 by placing a diagonal slash through the number 0, the Ԛ symbol means 
something entirely different.  Remember, the empty set has no elements in it.  {0} is the set 
containing the number 0.   

Think of it this way : There is a big difference between having a checking account with no 
money in it and not having a checking account at all.  For the former, you can walk into your 
bank, ask for your account balance, and be told, òYour balance is 0.ó  If, however, you do not 
have an account (or you go into the wrong bank) , the teller cannot quote you a balance for an 
account that does not exist.  

If you are in the habit of putting slashes through your zeros, make an effort to limit your slash 
to the inside of the 0, itself.  Then, for the empty set, extend your slash through the symbol on 
both the top and bottom.  

 

To help keep things straight, thr oughout the remainder of this text, we will see the symbols for 

the empty set ð both { } and Ԛ - interchangeably, and we will never put a / through any of our 
zeros.  


















































































































































































































































































































































































































































































































